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Very Basic of Band Theory 

Metal Insulator 

 A material with partially-filled band(s) should be a metal 

Kittel, Introduction to Solid State Physics 



Insulator: Pauli and Mott 

Pauli exclusion: band insulator 

N. F. Mott 

Proc. Phys. Soc. London (1949) 

W. E. Pauli 

Coulomb repulsion: Mott (-Hubbard) insulator 

U 



Localized Orbital and Hubbard Model 

http://theor.jinr.ru/~kuzemsky/jhbio.html 

Hubbard Model (1964) 

‘Hopping’ term 

between the sites 

On-site Coulomb repulsion 

in the correlated orbitals 

Additional electron occupation requires 

the energy cost : 

U = E(dn+1) + E(dn-1) – 2E(dn) 

Imada, Fujimori, Tokura, Rev. Mod. Phys. (1998) 



Actually Happening Quite Often 

Localized valence wavefunctions 

Partially filled 3d, 4f, 5f orbitals 

 magnetism and others 



Applying LDA to Mott Insulators 

 Too small or zero band gap 

 Magnetic moment underestimated 

 Too large exchange coupling (Tc) 

NiO 

FeO 

Oguchi et al., PRB (1983) 

Terakura et al., PRB (1984) 



Combining LDA with Hubbard Model 

where 

Basic idea: Introduce Hubbard-like term into the energy functional (and 

subtract the equivalent LDA term to avoid the double counting) 



LDA+U Functional 

The original functional form (Anisimov et al. 1991) 

Orbital-dependent potential 

i : site index (orbitals) 

n0 : average d-orbital 

occupation (no double 

counting correction) 

J: Hund coupling constant 



LDA+U Result 

MJH, Ozaki and Yu 

PRB (2006) 

Wurtzite-structured CoO : 

MJH and Yu, JKPS (2006); JACS (2006) 



Further Issues 

 Rotational invariance and several different functional forms 

(So-called) fully localized limit: 

Liechtenstein et al. PRB (1995) 

(So-called) around the mean field limit: 

Czyzyk et al. PRB (1994) 



LDA+U based on LCPAO (1) 

 Numerically generated (pseudo-) 

atomic orbital basis set: 

Non-orthogonal multiple d-/f- 

orbitals with arbitrarily-chosen 

cutoff radii 

T. Ozaki, Phys. Rev. B (2003) 

MJH, Ozaki, Yu, Phys. Rev. B (2006) 



LDA+U based on LCPAO (2) 

 Non-orthogonality and no guarantee for the sum rule 

See, for example, Pickett et al., (1998)  

TM 

O O 

‘On-site ’ representation ‘Full ’ representation 

Proposed ‘dual ’ representation: 

Sum rule satisfied: 



LDA+U based on LCPAO (3) 

 LMTO: Anisimov et al. Phys. Rev. B (1991) 

 FLAPW: Shick et al. Phys. Rev. B (1999) 

 PAW: Bengone et al. Phys. Rev. B (2000) 

 PP-PW: Sawada et al., (1997); Cococcioni et al., (2005) 

 LCPAO and O(N) LDA+U: Large-scale correlated electron systems 

MJH, Ozaki, Yu, 

Phys. Rev. B (2006) 



Limitations 

 How to determine the U and J values? 

No fully satisfactory way to determine the key parameters 

 How to define the double-counting energy functional? 

Rotationally invariant versions, fully-local form, around the mean-field 

form, etc  

See, Anisimov et al. (1991); Czyzyk and Sawatzky (1994); Dudarev et al. (1998) 

 It is a static Hartree-Fock method 

The correlation effect beyond this static limit cannot be captured  

 Dynamical mean-field theory 



Dynamical Correlation and DMFT 

Kotliar and Vollhardt, 
Phys. Today (2004) 

 Dynamical mean-field theory 

Mapping ‘Hubbard Hamilnoian’ into ‘Anderson Impurity 

Hamiltonian’ plus ‘self-consistent equation’ 

Georges and Kotliar Phys. Rev. B (1992) 

Georges et al., Rev. Mod. Phys.(1996); Kotliar et al., Rev. Mod. Phys.(2006); 



DMFT Result 

Zhang et al., PRL (1993) 

Conduction band (non-interacting) 

Impurity level (atomic-like) 

: width ~V2 (hybridization) On-site correlation at 

the impurity site (or 

orbital): Ed+U/2 
Ed – U/2 

LaTiO3/LaAlO3 

superlattice: 

calculated by J.-H. 

Sim (OpenMX + 

ALPS-DMFT solver) 



Comparison 

Cu-3d 

Application to high-Tc cuprate 

LDA 

No on-site correlation 
(homogeneous electron gas) 

LDA+U 

Hubbard-U correlation 
Static approximation 

LDA+DMFT 

Hubbard-U correlation 
Dynamic correlation 

UHB 
LHB 

ZRB 

Weber et al., Nature Phys. (2010) 



LDA+U and DMFT 

 LDA+U is static (Hartree) approximation of DMFT  

 Temperature dependency 

 Electronic property near the phase boundary 

 Paramagnetic insulating and correlated metallic phase 

PM 
metal 

PM 
insulator 

FM 
insulator 

LaTiO3/LaAlO3 superlattice: calculated by J.-H. 

Sim (OpenMX + ALPS-DMFT solver) 



Other Methods 

 Hybrid functionals, self-interaction correction, etc 

• Inclusion of atomic nature can always be helpful 

• ‘Controllability’ versus ‘parameter-free’-ness 

• Hidden parameters (or factors) 

• Computation cost ( relaxation etc) 

 (Self-consistent) GW 

• Parameter-free way to include the well-

defined self energy 

• No way to calculate total energy, 

force,…etc 

• Fermi liquid limit 

Tran and Blaha, 

PRL (2009) 


