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First-principles description of correlated
electron materials: LDA+U and beyond

Purpose:
 Understanding the limitation of standard local approximations to describe
correlated electron systems
 Understanding the basic idea of LDA+U and other related methods
 Understanding recent progress on LDA+U functionals

Myung Joon Han (KAIST, Physics)

PART 1
Contents:
 Failure of LDA and similar approximations to describe correlated electron physics
 Basics of LDA+U : Idea, technical and physical issues…
 DMFT (dynamical mean field theory) and others

Suggested Reading:
R. G. Parr and W. Yang, “Density functional theory of atoms and molecules (OUP 1989)”
R. M. Martin, “Electronic structure: Basic theory and practical methods (CUP 2004)”
V. I. Anisimov et al., “Strong Coulomb correlations in electronic structure calculations: Beyond the
local density approximation (Gordon & Breach 2000)”
Georges et al., “dynamical mean-field theory of strongly correlated fermion systems and the limit of
infinite dimensions” Rev. Mod. Phys. (1996)
Kotliar et al., “Electronic structure calculations with dynamical mean-field theory” Rev. Mod. Phys.
(2006)

Local Density Approximation
 ‘Local’ approximation based on the solution of ‘homogeneous’
electron gas
 Get in trouble whenever these approximations become invalidated:
For examples,
(Weak) van der Waals interaction originating from the fluctuating
dipole moments

(Strong) On-site Coulomb repulsion which is originated from the
atomic nature of localized d- or f- electrons in solids

Very Basic of Band Theory
Insulator

Metal

Kittel, Introduction to Solid State Physics

A material with partially-filled band(s) should be metallic

Insulator: Pauli and Mott
Pauli exclusion: band insulator

W. E. Pauli

Coulomb repulsion: Mott (-Hubbard) insulator

U

N. F. Mott

Localized Orbital and Hubbard Model
Hubbard Model (1964)

http://theor.jinr.ru/~kuzemsky/jhbio.html

‘Hopping’ term
between the sites

On-site Coulomb repulsion

in the correlated orbitals

Additional electron occupation requires
the energy cost :
U = E(dn+1) + E(dn-1) – 2E(dn)

Imada, Fujimori, Tokura, Rev. Mod. Phys. (1998)

Actually Happening Quite Often

Localized valence wavefunctions
Partially filled 3d, 4f, 5f orbitals
 magnetism and others

Applying LDA to ‘Mott’ Insulators
Oguchi et al., PRB (1983)
Terakura et al., PRB (1984)

 Too small or zero band gap
 Magnetic moment underestimated
FeO

NiO

 Too large exchange coupling (Tc)

Combining LDA with Hubbard Model

Basic idea: Introduce Hubbard-like term into the energy functional (and
subtract the equivalent LDA term to avoid the double counting)
where

LDA+U Functional
The (original) form of energy functional (Anisimov et al. 1991)
i : site index (orbitals)
n0 : average d-orbital
occupation (no double
counting correction)
J: Hund coupling constant

Orbital-dependent potential

LDA+U Result
 Band gap (in eV) :

Wurtzite-structured CoO :
MJH et al., JKPS (2006); JACS (2006)

 Magnetic moment of NiO (in μB) :

MJH, Ozaki and Yu
PRB (2006)

Further Issues
 Rotational invariance and several different functional forms

(So-called) fully localized limit:
Liechtenstein et al. PRB (1995)

(So-called) around the mean field limit:
Czyzyk et al. PRB (1994)

LDA+U based on LCPAO (1)
 Numerically generated (pseudo-)
atomic orbital basis set:
Non-orthogonal multiple d-/forbitals with arbitrarily-chosen
cutoff radii

T. Ozaki, Phys. Rev. B (2003)
MJH, Ozaki, Yu, Phys. Rev. B (2006)

LDA+U based on LCPAO (2)
 Non-orthogonality and no guarantee for the sum rule
See, for example, Pickett et al. PRB (1998)

‘On-site ’ representation

O

‘Full ’ representation

TM
O

MJH, Ozaki, Yu, Phys. Rev. B (2006)

Proposed ‘dual ’ representation:

Sum rule satisfied:

LDA+U based on LCPAO (3)
 LMTO: Anisimov et al. Phys. Rev. B (1991)
 FLAPW: Shick et al. Phys. Rev. B (1999)
 PAW: Bengone et al. Phys. Rev. B (2000)
 PP-PW: Sawada et al., (1997); Cococcioni et al., (2005)
 LCPAO and O(N) LDA+U: Large-scale correlated electron systems

MJH, Ozaki, Yu,
Phys. Rev. B (2006)

Limitations
 How to determine the U and J values?
No fully satisfactory way to determine the key parameters
c-LDA (e.g., Hybersen, Andersen, Anisimov et al 1980s, Cococcioni et al. 2005),
c-RPA (Aryasetiawan, et al. 2004, 2006, 2008, Sasioglu 2011), m-RPA
(Sakakibara, MJH et al. 2016)

 How to define the double-counting energy functional?
Fully-localized limit, Around-the-mean-field form, Simplified rotationally
invariant from, etc
See, Anisimov et al. (1991); Czyzyk and Sawatzky (1994); Dudarev et al. (1998)

 It is a static Hartree-Fock method
The correlation effect beyond this static limit cannot be captured
 Dynamical mean-field theory

Dynamical Correlation and DMFT
 Dynamical mean-field theory

Kotliar and Vollhardt,
Phys. Today (2004)

Mapping ‘Hubbard Hamilnoian’ into ‘Anderson Impurity
Hamiltonian’ plus ‘self-consistent equation’
Georges and Kotliar Phys. Rev. B (1992)
Georges et al., Rev. Mod. Phys.(1996); Kotliar et al., Rev. Mod. Phys.(2006);

DMFT Result
Impurity level (atomic-like)
: width ~V2 (hybridization)

Ed – U/2

On-site correlation at
the impurity site (or
orbital): Ed+U/2

Conduction band (non-interacting)

Zhang et al., PRL (1993)

LaTiO3/LaAlO3
superlattice:
calculated by J.-H.
Sim (OpenMX +
ALPS-DMFT solver)

Comparison
LDA

LDA+U

LDA+DMFT

No on-site correlation
(homogeneous electron gas)

Hubbard-U correlation
Static approximation

Hubbard-U correlation
Dynamic correlation

Application to high-Tc cuprate

LHB

Cu-3d
ZRB

UHB

Weber et al., Nature Phys. (2010)

LDA+U and DMFT
 LDA+U is the static (Hartree) approximation of DMFT :
 Temperature dependency
 Electronic property near the phase boundary
 Paramagnetic insulating and correlated metallic phase
LaTiO3/LaAlO3 superlattice: calculated by J.-H.
Sim (OpenMX + ALPS-DMFT solver)

PM
metal

PM
insulator

FM
insulator

Other Methods
 Hybrid functionals, self-interaction correction, etc
• Inclusion of atomic nature can always be helpful
• ‘Controllability’ versus ‘parameter-free’-ness

• Hidden parameters (or factors)
• Computation cost ( relaxation etc)

 (Self-consistent) GW
• Parameter-free way to include the welldefined self energy
• No way to calculate total energy,
force,…etc
• Fermi liquid limit

Tran and Blaha,
PRL (2009)

PART 2
Purpose:
 Introducing recent progress on understanding LDA+U functionals

Contents:
 LDA+U functionals reformulated
 Comparison of LDA+U with LSDA+U
 Case studies and Perspective

Suggested Reading:
S. Ryee and MJH, Sci. Rep. (2018)

J. Chen et al., Phys. Rev. B (2015)

S. Ryee and MJH, J. Phys.: Condens. Matter. (2018)

H. Park et al., Phys. Rev. B (2015)

S. W. Jang et al., arXiv:1803.00213

H. Chen et al., Phys. Rev. B (2016)

DFT+U (or +DMFT) Formalism: Basic Idea
where

: Hubbard-type on-site interaction term
: (conceptually) the same interaction energy in LDA/GGA

DFT+U (or +DMFT) Formalism: The Issue (1)
where

: Hubbard-type on-site interaction term
: (conceptually) the same interaction energy in LDA/GGA

 Eint : Expression, basis-set dependence, rotational invariance,… etc
 Edc : No well-established prescription
 FLL (fully localized limit) vs AMF (around the mean field)

Anisimov, Solovyev et al., PRB (1993)
Czyzyk & Sawatzky, PRB (1994)
Liechtenstein et al., PRB (1995)
Petukhov, Mazin et al., PRB (2003)
Pourovskii, Amadon et al., PRB (2007)
Amadon, Lechermann et al., PRB (2008)
Karolak et al., J. Electron Spectrosc. Relat. Phenom. (2010)
X. Wang, MJH et al., PRB (2012)
H. Park, Millis, Marianetii, PRB (2014)
Haule, PRL (2015)
…

DFT+U (or +DMFT) Formalism: The Issue (2)
where

: Hubbard-type on-site interaction term
: (conceptually) the same interaction energy in LDA/GGA

 Eint : Expression, basis-set dependence, rotational invariance,… etc
 Edc : No well-established prescription
 FLL (fully localized limit) vs AMF (around the mean field)

 EDFT : charge-only-density XC (LDA) or spin-density XC (LSDA) ??
CDFT+U
Anisimov et al., PRB (1991)
Anisimov et al., PRB (1993)
Solovyev et al., PRB (1994)

SDFT+U
Czyzyk et al., PRB (1994)
Liechtenstein et al., PRB (1995)
Dudarev et al., PRB (1998)

Recent Case Studies
No systematic formal analysis on this fundamental issue
(Some case studies and internal agreement in DMFT community)

The Issue Formulated
 Total energy; CDFT+U and SDFT+U

where
Coulomb interaction tensor using two input parameters; U and J

The choice of XC functional:
charge-only (LDA/GGA) or spin (LSDA/SGGA)

CDFT(LDA) +U
SDFT(LSDA) +U

×

The expression of interactions
(including double counting)

FLL (fully localized limit)
AMF (around mean-field)

Liechtenstein et al., PRB (1995)
Dudarev et al., PRB (1998)
Anisimov et al., PRB (1991)

‘FLL (fully localized limit)’ Formalism
 Total energy; CDFT+U and SDFT+U

S. Ryee and MJH,
Sci. Rep. (2018)

 Potential
 FLL formulations: cFLL (CDFT+U version) and sFLL (SDFT+U version)
direct interaction

cFLL

exchange interaction

sFLL

1

 sFLL double counting with − 4 𝐽𝑀2 : in competition with spin-density XC energy
 Double counting potential: cFLL (spin-independent) vs sFLL (spin-dependent)

‘AMF (around mean-field)’ Formalism
 Total energy; CDFT+U and SDFT+U

S. Ryee and MJH,
Sci. Rep. (2018)

 Potential
 AMF formulations: cAMF (CDFT+U version) and sAMF (SDFT+U version)
direct interaction

cAMF

exchange interaction

sAMF

 In cAMF/sAMF, the interaction is described by the fluctuation w.r.t.
the average charge/spin occupation (double counting implicit).

Analysis (1): Energetics
 cFLL:

cFLL dc

N: # of electrons in
correlated subspace
M: mag. mom.

 sFLL:

sFLL dc



Spin-polarization energy of LDA/GGA is also present in SDFT+U (but not in CDFT+U)
 Represented by Stoner I (in general material dependent)
(cf) In general, for real materials, ISGGA > ILSDA. See, for example, S. Ryee and MJH, Sci. Rep. (2017)



“Model” d-shell electronic configurations
 All possible integer-occupancy configurations
e.g.) 10𝐶5 = 252 configurations for 5 electrons
 Hund J and Stoner I used as the control parameters

S. Ryee and MJH, Sci. Rep. (2018)

sFLL

Analysis (1): Energetics (FLL)

* U = 5 eV

* (a) – (d): sFLL

(e): cFLL

 cFLL (charge-only density functional formulation)
 The moment formation is favored as J increases.
 sFLL (spin-density functional formulation)
 J in competition with IStoner : even for sufficiently
large J, high-spin state can be unfavored.

Analysis (1): Energetics (AMF)

* U = 5 eV

* (f) – (i): sAMF

(j): cAMF

cAMF  The moment formation is favored as J increases.
sFLL  J in competition with IStoner : high-spin state is

hardly favored.

sDFT+U (based on spin-density XC) can easily give
unphysical electronic and magnetic solutions…!
(consistent with the previous case studies)

Analysis (2): Potentials
 J-only contribution of DFT+U potential:

J-only (excluding U-related terms) contribution to the Coulomb interaction tensor:

𝛼𝑘 : Racah-Wigner numbers
𝐹 𝑘 : Slater integrals

CDFT+U

spin-independent ‘d-c’ potentials

SDFT+U

spin-dependent ‘d-c’ potentials

Analysis (2): Potentials
E
: J-induced spin-splitting

No. 8 :

eg
t2g

in units of J

No. 12 :

: competes with XC spin splitting ~ 𝐼𝑀

In CDFT+U, the spin splitting is nothing to do with double counting.
In SDFT+U, the double-counting potential is not cancelled out by SDFT
contribution (~ IM): Ambiguity in describing spectral property.

Application to real materials: MnO and NiO
 cFLL and cAMF :
Low-spin to highspin transition is
well described as a
function of J, which
is not the case for
sFLL and sAMF.
MnO

Δ𝐸 = 𝐸𝐴𝐹 − 𝐸𝐹𝑀

(cf) For half-filled d-shell,
𝑡2
𝐽𝑒𝑥 ~ −
𝑈 + 4𝐽

S. Ryee and MJH, Sci. Rep. (2018)

Application to real materials: BaFe2As2 (AF metal)


LSDA overestimates the moments of Fe-pnictides (Exp. ~ 1 𝝁𝑩 )

~ 𝐼𝑀 by LSDA

E
large I in LSDA → large moment
M. J. Han et al., PRL (2009)

1) Empirical way of accounting for spin-fluctuations; 𝐼𝑅 ~ 𝑠𝐼
L. Ortenzi et al., PRL (2015)
J. Lischner et al., PRB (2015)
…

2) Using negative U in sFLL
M. Yi et al., PRB (2009)
H. Nakamura et al., Physica C (2009)
…

S. Ryee and MJH, arXiv:1709.03214

BaFe2As2

Application to real materials: LaMnO3
S. W. Jang et al, arXiv:1803.00213

SGGA+U

GGA+U
The first CDFT+U calculation
for this classical material.
The detailed electronic
structure and orbitaldependent magnetic
interaction analyzed.

The Case for Non-collinear Orders
S. Ryee and MJH, J. Phys. CM (2018)

Summary and Perspective (Part 2)
 Formal analysis clearly shows that the use of spin-density XC
functionals in combination with +U or +DMFT can easily lead to
unphysical and uncontrollable errors.

 As a rule of thumb, cDFT+U with FLL double counting can be
recommended.

 For non-collinear magnetism, further analysis and
development are certainly requested. Probably also for other
issues like RKKY-type magnetism.

