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Electrochemical devices/engineering

 
 
 
Battery

Manganese dry cell
Lead battery
NiCd, NiH secondary battery
Fuel cell
Lithium secondary battery

Capacitor
Electrolytic condenser
Double layer condenser
Supercapacitor

Photovoltaic cell
c-Si, a-Si solar cell
Dye sensitized solar cell

photoelectrochemical  
hydrogen production

Sensor
pH meter
ion selective concentration meter
glucose, etc. (using enzyme)
gas (oxygen, etc.)

Electroplating
Cathodic protection

Fe → Fe2O3 
Electrolysis

Aluminum, Copper, etc.
Water, salt, etc.
Organic chemicals
tetraethyl lead
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Target systems

water-based electrolyte

O2 outH2 out

sunlight in

LiLi--ion Secondary Battery (LIB)ion Secondary Battery (LIB)

ex) graphite

Li

Co

O

ex) LiCoO2

in anode in electrolyte in cathode

charge Li+ + e–� Li

Li � Li+ + e–

� � � Li+ 

(toward anode)
Li � Li+ + e–

discharge
Li+ � � �

(toward cathode)
Li+ + e–� Li

anode cathodeelectrolyte

e– e–Load

Li
Li

Li+

� Intercalation & deintercalation of Li

� Li-ion diffusion in electrolyte
“RockingRocking--chair typechair type” reaction

Energy generation Energy storage Energy harvesting
(Fuel cell) (Secondary battery) (PV, PEC)

500 nm

Si �� 

SEI 

Si anode

Electrolyte

24�� 

Electrolyte

Carbon support

Pt

• overpotential 
• a cheaper alternative to Pt

• formation mechanism 
of SEI 

• interface resistance

• corrosion mechanism 
• surface modification

24 hour

 4



Electrochemical interface

Electric field: 0.1~0.5 V/Å

25℃, 1.0M NaCl, Electrode: Pt

1 NaCl / 50 H2O
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3-layer Pt(111):  
460Pt atoms

4 nm2 surface area

Length scale of EDL: 
nm ~ μm

2 nm:     800 atoms (    264 H2O,     5 NaCl)
Depth

10 nm:   5000 atoms (  1320 H2O,   25 NaCl)
0.1 μm: 50000 atoms (13200 H2O, 250 NaCl)

µ

Helmholtz layer: ~Å

Diffuse layer
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4 Challenges in modeling an 
electrochemical reaction for DFT-MD

1.Strong electric 
field in Helmholtz 
layer

3.Screening in diffuse 
layer 

4.Origin of electrostatic 
potential

2.Bias potential 
control

Electrochemical interface

Electrostatic potential
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4 Challenges in modeling an 
electrochemical reaction for DFT-MD

1.Strong electric 
field in Helmholtz 
layer

3.Screening in diffuse 
layer 

4.Origin of electrostatic 
potential

2.Bias potential 
control

Effective Screening Medium method

Phys. Rev. B 73, 115407 (2006)

Phys. Rev. Lett. 109, 266101 (2012)
Constant-μe method

ESM-RISM method

Phys. Rev. B 96,115429 (2017) 

Reference Interaction Site Model

ESM method
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Solvation process of Li-ion

EC, LiPF6(1ML)

Li+

e−

Li+

e− e−

Li+ Li+

Graphite, LCO

DFT RISM

e−

constant-μ V0 µext

Calculation cell  7
J. Haruyama, et. al., MO, J. Phys. Chem. C, 122, 9804(2018)



Electrochemical impedance spectroscopy (EIS) 
measurements

Typical EIS of Conventional LIB cell  
LiCoO2|EC3:EMC7 LiPF6 1M|Graphite

S. S. Zhang, K. Xu, and T. R. Jow, Electrochemica Acta 49, 1057 (2004).

In the fully charged and discharged states as well as 
at the low temperatures (≤20◦C), the Rcell of the Li-
ion cells is predominated by the Rct. 

Temperature-dependence of Rct @0.2 V vs. Li/Li+

T. Abe, H. Fukuda, Y. Iriyama, and Z. Ogumi, J. Electrochem. Soc. 151, 
A1120 (2004).

The activation energies were evaluated to be around 
50-60 kJ/mol (0.5-0.6 eV). These values are very 
large compared to lithium ion conduction in active 
materials. 
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Total energy functional in conventional method

Total energy functional

�
�1

2
⇥2 + V (r) + V̂NL + Vxc(r)

⇥
�i(r) = ⇥i�i(r)

Kohn-Sham equation
�E

��e
= 0

E[⇢e] = T [⇢e] + Exc[⇢e] +
1

2

ZZ
drdr0

⇢e(r)⇢e(r0)

|r � r0| +

Z
drvext(r)⇢e(r) + EII

V (r) =

Z
dr0

⇢tot(r0)

|r � r0| =
Z

dr0GPBC(r, r0)⇢tot(r
0)

Kohn-Sham eq.

{R}, ⇢in

EII, vext(r)

E, F I

SC
F

V (r)

INPUT

OUTPUT
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Poisson equation is solved with 
periodic boundary condition in 
advance and use the following 
expression

Need to solve Poisson eq. with different BC.



Boundary condition at the interface

z

x

y

Open boundary condition 
(OBC)

2D periodic boundary 
condition (2D PBC)
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Boundary condition at the interface

• In the density functional theory  (DFT), 
we need to solve two equations.

�
�1

2
⇥2 + V (r) + V̂NL + Vxc(r)

⇥
�i(r) = ⇥i�i(r)

Kohn-Sham equation

→3D PBC
⇢(r)

⇥[�(r)⇥]V (r) = �4⇥⇤tot(r)

Poisson equation

→2D PBC + OBC

Mixed boundary condition (MBC)

+
+
+
+

V (r)
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Effective screening medium (ESM)

M.O. and O. Sugino, PRB 73, 115407 (2006)

How to solve the poisson equation under MBC?

⇥[�(r)⇥]V (r) = �4⇥⇤tot(r)

[⇧z{⇥(z)⇧}� ⇥(z)g2
||]G(g||, z, z�) = �4⇤�(g||, z � z�)

[⇧z{�(z)⇧}� �(z)g2
||]V (g||, z) = �4⇥⇤(g||, z)

Laue representation

We can get Green’s function analytically with 
each boundary conditions.
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Effective screening medium (ESM)

�(z) =
�

1 if z ⇥ z1

⇤ if z � z1

⇥
V (g⇤, z1) = 0
⇥zV (g⇤, z)

��
z=�⇥ = 0

�(z) =⇥ if |z| � z1

⇤zV (g⇤, z)
��
z=±⇥ = 0, �(z) = 1

neutral surface, polarized surface...

STM, gate electrode...

nano-structure in capacitor, zigzag pot.

(i)

(ii)

(iii)

slab

slab
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slab
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�
V (g�, z1) = 0

V (g�,�z1) = V0

M.O. and O. Sugino, PRB 73, 115407 (2006)
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Effective screening medium (ESM)

slab
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G(i)(g⌅, z, z⇥) =
4�

2g⌅
e�g⇥|z�z�|

G(ii)(g⌅, z, z⇥) =
4�

2g⌅
e�g⇥|z�z�| � 4�

2g⌅
e�g⇥(2z1�z�z�)

G(iii)(g⌅, z, z⇥) =
4�

2g⌅
e�g⇥|z�z�|

+
4�

2g⌅

e�2g⇥z1 cosh{g⌅(z � z⇥)}� cosh{g⌅(z + z⇥)}
sinh(2g⌅z1)

M.O. and O. Sugino, PRB 73, 115407 (2006)
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Total energy functional of the ESM method

E[⇤e, V ] = T [⇤e] + Exc[⇤e] +
⇤

dr

�
��(r)

8⇥
|⇤V (r)|2 + ⇤tot(r)V (r)

⇥

Total energy functional

⇥[�(r)⇥]V (r) = �4⇥⇤tot(r)

�
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2
⇥2 + V (r) + V̂NL + Vxc(r)

⇥
�i(r) = ⇥i�i(r)

Generalized Poisson equation

Kohn-Sham equation

E[�] = T [�] + Exc[�] +
1
2

��
drdr� �(r)�(r�)

|r � r�| +
�

drvext(r)�(r) + Eion

V (r) =
�

dr
�tot(r�)
|r � r�|

�(r) = 1
conventional

V (r) =
�

drG(r, r�)�tot(r�)

�(r) : model dependent
ESM

V ➠ variable

�E

��e
= 0

�E

�V
= 0
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Schematic animation of electrochemical interface 
simulation

ESM

J. Phys. Soc. Jpn 77, 024802 (2008)  17



Electrochemical reaction

Pt Pt

e-

Q=-0.95 (e/cell)

Hydrogen adsorption reaction

H3O+ + e� � H2O + Had

J. Phys. Soc. Jpn 77, 024802 (2008)  18
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Why we need a bias control?

Hydrogen adsorption reaction

Q=-0.95 (e/cell)

−2

 0

 2

 4

 6

 8

 0  1  2  3  4  5  6  7
−1

−0.9

−0.8

−0.7

−0.6

−0.5

−0.4

−0.3

−0.2

Fe
rm

i e
ne

rg
y 

(e
V)

Ex
ce

ss
 c

ha
rg

e 
Q

(e
)

Time (ps)

Electron transfer

Pt Pt

e-

 20



Limitation of the original conventional DFT-MD

A. Lozovoi et al., JCP 115, 1661 (2001)

conventional 
simulation

experimental 
simulation
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How to realize constant-μe system

rnewi

SCF 
calculation

Output:

F iInput:

First-Principles Molecular Dynamics at Constant Electrode Potential

Nicéphore Bonnet1,2, Tetsuya Morishita1, Osamu Sugino2, and Minoru Otani1
1Nanosystem Research Institute, National Institute of Advanced Industrial Science and Technology, Tsukuba 305-8568, Japan

2Institute for Solid State Physics, University of Tokyo, Kashiwa 277-8581, Japan
(Dated: August 16, 2012)

A computational scheme for performing first-principles molecular dynamics (FPMD) simulations
at constant electrode potential is presented, opening the way for a more realistic modeling of voltage-
driven devices. Dynamical equations written for the total electronic charge are used to reproduce
the statistical behavior of the system when connected to an external potentiostat. Although the
total charge of the system changes over time, the electronic structure is computed at each MD step
with a fixed number of electrons. This makes the scheme easily implementable in existing FPMD
codes, because there is no need to modify the core routines for the electronic potential and time
evolution of the atomic positions. This algorithm is demonstrated on a test system considering
various test cases.

PACS numbers: 31.15.E-, 31.15.xv, 82.45.Fk

First-principles molecular dynamics (FPMD) based on
the density functional theory (DFT) have been used for
more than two decades [1, 2] in the study of a wide va-
riety of physical, chemical, and biological systems. In
the primary approach, the system is isolated from the
exterior, and the trajectory samples the microcanonical
ensemble, in which the number of particlesN , the volume
V , and the internal energy E are constant. Alternatively,
extended system dynamics, which allow the exchange of
energy and hence enable the modeling of experimental
setups where the temperature T and pressure P are con-
trolled [3–5], have been extensively applied [6, 7]. Meth-
ods have been also proposed to run grand-canonical MD
simulations, in which the chemical potential of a species
is controlled by dynamically adjusting the number of par-
ticles [8–10].

In many important systems, electric potential bias
serves as one of the control variables. As the field-e�ect
transistor has become ubiquitous, the field-e�ect tech-
nique, whereby a potential bias is applied to control the
electronic structure of a surface, is now also used in re-
lation with superconductors [11], colossal magnetoresis-
tance [12], and spintronics [13]. In electrochemical sys-
tems, reactions are driven by the potential at the surface
of an electrode, and the performance parameters of these
devices often depend critically on the composition and
geometry of the electrode surface [14].

Consequently, it is worth developing methods to run
grand-canonical MD simulations where the potential of
an electrode is controlled. In this case, the term “grand-
canonical” refers to electrons, because their number has
to be adjusted as a function of the electrode potential.
Previously, the approach of Tavernelli et al., where the
electrode is replaced with a model electron reservoir at
fixed chemical potential, has been suitable in treating
the exchange of charge with redox species in solution
[15]. For cases where the electrode has to be treated
explicitly, Lozovoi et al. have demonstrated a method in
which the number of electrons is allowed to vary in the

self-consistent field procedure such that the converged
Fermi level equals a preset value [16]. However, with
this method, a careful choice of the initial charge density
may be required to avoid instabilities from the fluctuating
number of electrons. This requirement poses a problem
for practical MD simulations, implying the need for more
robust algorithms.

In this Letter, we present a new scheme for conducting
FPMD simulations at constant electrode potential. Dy-
namical equations for the total electronic charge are used
to generate a trajectory sampling the grand-canonical
distribution at a given electrode potential. However,
within each MD step, the self-consistent electronic po-
tential is obtained for a fixed number of electrons, thus
preserving the robustness of constant-charge DFT im-
plementations. The algorithm is demonstrated on a test
system.

The proposed method is analogous with the Nosé-
Hoover approach to control the temperature of a sys-
tem. Recall that for a system of N particles of masses
mi, positions ri, and momenta pi, the Nosé-Hoover set
of dynamical equations is written as [3, 4]

ṙi =
pi
mi

,

ṗi = Fi � pi
P�

M�
,

�̇ =
P�

M�
,

Ṗ� =
�

i

p2i
mi

� gkT.

(1)

The force Fi on each particle is obtained as Fi = � ⇤E
⇤ri

,
where E is the potential energy of the particles. � is
the thermostat variable with a corresponding mass M�

and momentum P�. k is Boltzmann’s constant, T is the
temperature, and g is a constant equal to the number
of degrees of freedom in the system (if there are no con-
straints on the positions of particles, g = 3N). For an
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ṗi = Fi � pi
P�

M�
,

�̇ =
P�

M�
,
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Grand canonical ensemble in electronic 
system
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図 ７ ． ３ 水 の 温 度 制 御
１＝５ｐｓにおいて，温度７；，を３００Ｋから３５０Ｋにあげた．
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７。５バリネロ・ラーマンの方法月ア
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図７．４水のＪ１モカ制御
＝５ｐｓにおいて，圧力／４を１０００ａｔｍから３０００ａｕ１１にあげた．

ここでは，立方休セルに対し休秘レを一・般化座標として運助方程式を導い

た．もちろん，体秘ドの代わりにセルの一辺の長さ

乙 ＝ 副 （ ７ ． ５ ３ ）

を変数としてもかまわない．さらには，直方体セルに対し，各辺の長さ

回
口し

を一般化座標として，三つの方向の圧力がそれぞれ

ｊに以

（７．５４）

（７．５５）

となるように制御することもできる．たとえば，鳥・＝几＝ｈ１１１１１として，八＝

０．５ａｔｍのようにとれば，表而張力-定のＭＤ計拿１：力４１呼能となる．次節ではこ

れをさらに拡張して，セルの傾きまで自山度を与えることにより圧カテンソル

Ｐを制御する方法を示す．

７ ． ５ パ リ ネ ロ ・ ラ ー マ ン の 方 法
ここでは，基本セルの各辺の長さが自山に変わると｜・り時に，セルの傾きも変

化し，圧力の平均値がハと一定となるようなＭＤ計算について説明する．こ
れにより，紘品系が界なるｊ川休間での相転移や，不均・系でのひずみのない

ＭＤ計算が可能となる．

基本セルを記述するのに，図７．５に示すように平行六而体セルの各辺を表す
ペクトルａ，６，ｃを川いて行列１を定義する．

£＝（ａろｃ）

Conventional NPT MD simulation

If we can introduce a fictitious motion for amount of charge     , we can 
realize  NVTμe MD simulation

μ 
(e

V)

t (ps)

ne

vcell

v̇cell =
Pvcell

Mvcell

Ṗvcell = P � Pext

: Cell volume
Mvcell : Fictitious mass for variable cell

ṅcell =
Pncell

Mncell

Ṗncell = µ� µext

from Virial theorem
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Constant pressure MD (Andersen method)
H. C. Andersen, J. Chem. Phys. 72, 2384 (1980)

Lagrangian for extended system

• Replace the coordinates      by scaled  
coordinates    ,

and the time derivative of     is defined as 
ṙi = V

1
3 ˙̃ri

where,      is the fictitious mass of the cell. The Euler-Lagrange equation becomesW

Instantaneous pressure
（Virial theorem）

• Consider the volume as a dynamics variable

ri = V
1
3 r̃i, (0  r̃i  1)

LP =
1

2

NX

i

miV
2
3 ˙̃r2i � E({V 1

3 r̃}; ) + 1

2
WV̇ 2 � PextV

8
>>>>><

>>>>>:

mi
¨̃ri = �V � 2

3
@E({V 1

3 r̃}; )
@r̃i

� 2V̇

3V
˙̃r

WV̈ =
1

3V

"
NX

i

miV
2
3 ˙̃r2i �

NX

i

ri ·
@E({r}; )

@ri

#
� Pext

ri
r̃i

r̃i

Pext

L = V 1/3

time evolution

V 0
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• Connecting the system to a potentiostat 
to keep the Fermi energy of the system 
as target Fermi energy       .µext

Constant-μ MD

• Consider FCP as a dynamical variable

N. Bonnet et al., Phys. Rev. Lett. 109, 266101 (2012)

Instantaneous Fermi energy

Lµ =
1

2

NX

i

miṙ
2
i � E({r}; ) + 1

2
Mṅ2 � (�µextn)

8
>>><

>>>:

mir̈i = �@E({ri}; )
@ri

Mn̈ = �
✓
@E({ri}; )

@n
� µext

◆

Mwhere,      is the fictitious mass of FCP. The Euler-Lagrange equation becomes

Lagrangian for extended system

n

e� e�

V

0

µext

Time evolution

n0
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Constant pressure Constant chemical potential

Pin < PextPin = PextPin > Pext

V0��V �V

V

V n

n

�n��n n0

µin > µextµin = µextµin < µext

µext = hµiniPext = hPini

Extensive var.

Intensive var.

Mean value

Linearization  
at equilibrium

WV̈ = Pin � Pext

! W �V̈ ' � B

V0
�V

Mn̈ = µin � µext

! M�n̈ ' � 1

C
�n

B = �V0
@P

@V

1

C
=

@µ

@n
Bulk modulus: Capacitance: 

Restoring force yields the oscillation around  the bottom

 26



Statistical ensemble

By connecting an appropriate thermostat, e.g. Nosé thermostat, scaling 
method…, we can realize an isobaric and grand canonical ensembles.

Partition 
function

Fluctuation of 
extensive variable

Isobaric Grand canonical (for electron)

H =
1

2

NX

i

mir
2
i + E({r}; )

 = � 1

hV i
@hV i
@Pext

=
h�V 2i

kBT hV i
C =

@hni
@µext

=
h�n2i
kBT

Compressibility Capacitance

Y =

ZZZ
exp [�(H+ PextV )/kBT ] drdqdV

H =
1

2

NX

i

mir
2
i + E({r}; )

⌅µ =

ZZZ
exp [�(H� µextn)/kBT ] drdqdn

Johnson-Nyquist noise
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How to realize constant-μ system

• Fictitious charge particle 
(FCP) is introduced with 
fictitious mass. 

• For static calculation, FCP is 
optimized by line minimization 
scheme. We can obtain the 
grand potential. 

• For MD simulation, FCP is 
evolved by equation of motion 
for FCP. We can obtain the 
grand canonical ensemble. 

• FCP is updated at each atomic 
step. (e.g., Geometry 
optimization step, MD step)

nnew
ernewi

SCF 
calculation

(constant-N)

Output:

F iInput: Input:

First-Principles Molecular Dynamics at Constant Electrode Potential

Nicéphore Bonnet1,2, Tetsuya Morishita1, Osamu Sugino2, and Minoru Otani1
1Nanosystem Research Institute, National Institute of Advanced Industrial Science and Technology, Tsukuba 305-8568, Japan

2Institute for Solid State Physics, University of Tokyo, Kashiwa 277-8581, Japan
(Dated: August 16, 2012)

A computational scheme for performing first-principles molecular dynamics (FPMD) simulations
at constant electrode potential is presented, opening the way for a more realistic modeling of voltage-
driven devices. Dynamical equations written for the total electronic charge are used to reproduce
the statistical behavior of the system when connected to an external potentiostat. Although the
total charge of the system changes over time, the electronic structure is computed at each MD step
with a fixed number of electrons. This makes the scheme easily implementable in existing FPMD
codes, because there is no need to modify the core routines for the electronic potential and time
evolution of the atomic positions. This algorithm is demonstrated on a test system considering
various test cases.

PACS numbers: 31.15.E-, 31.15.xv, 82.45.Fk

First-principles molecular dynamics (FPMD) based on
the density functional theory (DFT) have been used for
more than two decades [1, 2] in the study of a wide va-
riety of physical, chemical, and biological systems. In
the primary approach, the system is isolated from the
exterior, and the trajectory samples the microcanonical
ensemble, in which the number of particlesN , the volume
V , and the internal energy E are constant. Alternatively,
extended system dynamics, which allow the exchange of
energy and hence enable the modeling of experimental
setups where the temperature T and pressure P are con-
trolled [3–5], have been extensively applied [6, 7]. Meth-
ods have been also proposed to run grand-canonical MD
simulations, in which the chemical potential of a species
is controlled by dynamically adjusting the number of par-
ticles [8–10].

In many important systems, electric potential bias
serves as one of the control variables. As the field-e�ect
transistor has become ubiquitous, the field-e�ect tech-
nique, whereby a potential bias is applied to control the
electronic structure of a surface, is now also used in re-
lation with superconductors [11], colossal magnetoresis-
tance [12], and spintronics [13]. In electrochemical sys-
tems, reactions are driven by the potential at the surface
of an electrode, and the performance parameters of these
devices often depend critically on the composition and
geometry of the electrode surface [14].

Consequently, it is worth developing methods to run
grand-canonical MD simulations where the potential of
an electrode is controlled. In this case, the term “grand-
canonical” refers to electrons, because their number has
to be adjusted as a function of the electrode potential.
Previously, the approach of Tavernelli et al., where the
electrode is replaced with a model electron reservoir at
fixed chemical potential, has been suitable in treating
the exchange of charge with redox species in solution
[15]. For cases where the electrode has to be treated
explicitly, Lozovoi et al. have demonstrated a method in
which the number of electrons is allowed to vary in the

self-consistent field procedure such that the converged
Fermi level equals a preset value [16]. However, with
this method, a careful choice of the initial charge density
may be required to avoid instabilities from the fluctuating
number of electrons. This requirement poses a problem
for practical MD simulations, implying the need for more
robust algorithms.

In this Letter, we present a new scheme for conducting
FPMD simulations at constant electrode potential. Dy-
namical equations for the total electronic charge are used
to generate a trajectory sampling the grand-canonical
distribution at a given electrode potential. However,
within each MD step, the self-consistent electronic po-
tential is obtained for a fixed number of electrons, thus
preserving the robustness of constant-charge DFT im-
plementations. The algorithm is demonstrated on a test
system.

The proposed method is analogous with the Nosé-
Hoover approach to control the temperature of a sys-
tem. Recall that for a system of N particles of masses
mi, positions ri, and momenta pi, the Nosé-Hoover set
of dynamical equations is written as [3, 4]

ṙi =
pi
mi

,

ṗi = Fi � pi
P�

M�
,

�̇ =
P�

M�
,

Ṗ� =
�

i

p2i
mi

� gkT.

(1)

The force Fi on each particle is obtained as Fi = � ⇤E
⇤ri

,
where E is the potential energy of the particles. � is
the thermostat variable with a corresponding mass M�

and momentum P�. k is Boltzmann’s constant, T is the
temperature, and g is a constant equal to the number
of degrees of freedom in the system (if there are no con-
straints on the positions of particles, g = 3N). For an
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of an electrode, and the performance parameters of these
devices often depend critically on the composition and
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grand-canonical MD simulations where the potential of
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canonical” refers to electrons, because their number has
to be adjusted as a function of the electrode potential.
Previously, the approach of Tavernelli et al., where the
electrode is replaced with a model electron reservoir at
fixed chemical potential, has been suitable in treating
the exchange of charge with redox species in solution
[15]. For cases where the electrode has to be treated
explicitly, Lozovoi et al. have demonstrated a method in
which the number of electrons is allowed to vary in the
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Fermi level equals a preset value [16]. However, with
this method, a careful choice of the initial charge density
may be required to avoid instabilities from the fluctuating
number of electrons. This requirement poses a problem
for practical MD simulations, implying the need for more
robust algorithms.

In this Letter, we present a new scheme for conducting
FPMD simulations at constant electrode potential. Dy-
namical equations for the total electronic charge are used
to generate a trajectory sampling the grand-canonical
distribution at a given electrode potential. However,
within each MD step, the self-consistent electronic po-
tential is obtained for a fixed number of electrons, thus
preserving the robustness of constant-charge DFT im-
plementations. The algorithm is demonstrated on a test
system.

The proposed method is analogous with the Nosé-
Hoover approach to control the temperature of a sys-
tem. Recall that for a system of N particles of masses
mi, positions ri, and momenta pi, the Nosé-Hoover set
of dynamical equations is written as [3, 4]
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Ṗ� =
�

i

p2i
mi

� gkT.

(1)

The force Fi on each particle is obtained as Fi = � ⇤E
⇤ri

,
where E is the potential energy of the particles. � is
the thermostat variable with a corresponding mass M�

and momentum P�. k is Boltzmann’s constant, T is the
temperature, and g is a constant equal to the number
of degrees of freedom in the system (if there are no con-
straints on the positions of particles, g = 3N). For an

Atoms

• Geometry 
optimizer (static) 

• Molecular 
dynamics solver 
(dynamic)

KS solverrnewiOutput: nnew
eOutput:

Input: ri, ne

2

ergodic system, it can be shown that these dynamics lead
to the canonical distribution of the positions and veloci-
ties at the preset temperature T [17]. The instantaneous
temperature, obtained from the particle kinetic energy,
fluctuates around T .

Similarly, in the proposed scheme, the total electronic
charge of the system ne (⌅ 0) is treated as a dynami-
cal variable and is allowed to vary in order to control the
electrode potential. Introducing the fictitious momentum
Pne and mass Mne , the corresponding set of dynamical
equations for the charge is written as

ṅe =
Pne

Mne

,

˙Pne = ⇥ � ⇥pot � Pne

P�c

M�c

,

⇤̇c =
P�c

M�c

,

˙P�c =
P 2
ne

Mne

� kTc.

(2)

Here, ⇥ is the electrode potential. It is a time-dependent
quantity, which is by definition the opposite of the in-
stantaneous potential µe of the electronic charge, ⇥ =
�µe = � ⇤E

⇤ne
. ⇥pot is a preset quantity specifying the

target equilibrium value of the electrode potential, thus
corresponding experimentally to the application of an ex-
ternal potentiostat (Fig. 1). In a finite-size system, where
⇥ is continuously fluctuating in particular due to the mo-
tion of atoms, the term ⇥�⇥pot acts as a “spring force”
driving the system toward the target potential. In addi-
tion, a separate thermostat with control variable ⇤c and
temperature Tc is also attached to the charge. As the
heat baths for the charge and for the particles are dis-
tinct, their temperatures can either be equal (Tc = T ) or
di⇤erent (Tc ⌃= T ).

We now show that if Tc = T , the dynamics specified
by Eqs. (1) and (2) lead to the grand-canonical ensem-
ble distribution at temperature T and electrode potential
⇥pot. Let the extended energy H0 be defined as

H0 =
X

i

p2i
2mi

+ E(ri, ne) + ⇥potne +
X

j2{ne,�,�c}

P 2
j

2Mj
,

which is a function of the extended phase space coor-
dinate � = (ri, pi, ne, Pne , ⇤, P�, ⇤c, P�c). Using Eqs. (1)
and (2) with the assumption that Tc = T , its time deriva-
tive is obtained as

dH0

dt
=

✓
�̇ ·  

 �

◆
H0 = �kT


g
P�

M�
+

P�c

M�c

�
.

Consequently,

H00 = H0 + kT (g⇤ + ⇤c)

is a constant of motion (D). In general, the charged
system is subject to an external electric force from the
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FIG. 1: Setup of the computational system. The electrode
potential � is defined with the convention that the counter-
electrode is at 0 V. The dashed square represents the unit
cell.

counter-electrode, implying that this is the only conser-
vation law. Now, introducing the probability distribution
⌅, its time derivative is obtained from the generalized Li-
ouville equation:

dln⌅

dt
= �  

 �
· �̇ = g

P�

M�
+

P�c

M�c

=
d

dt
(g⇤ + ⇤c) .

Following the approach of Tuckerman et al. [17, 18], the
partition function is written by including the conserva-
tion law:

Z =

Z
eg�+�c� [H0 + kT (g⇤ + ⇤c) � D] d�

=

Z
e

D�H⇥
kT dridpidnedPnedP�d⇤cdP�c

⇧
Z

e�
H
kT dridpidne,

where

H =
X

i

p2i
2mi

+ E(ri, ne) + ⇥potne.

This shows that the grand-canonical distribution is ob-
tained, at temperature T and electrode potential ⇥pot,
assuming that the system is ergodic. This result can also
be obtained by connecting the particles and the charge
to only one heat bath.

The thermal energy causes ne and ⇥ to fluctuate
around their respective averages  ne⌦ and ⇥pot. Apply-
ing linear response theory to the grand-canonical distri-
bution, the di⇤erential static capacitance of the system
C0 is obtained as [19]

C0 ⇤ � d ne⌦
d⇥pot

=
⇧2
ne

kTc
, (3)

where ⇧ne denotes the standard deviation of the charge.
The standard deviation of the electrode potential ⇧� can
be roughly estimated as ⇧ne/C0, and it therefore scales asp
Tc/C0, while C0 scales with the size of the system. Ac-

cordingly, if the simulation is conducted on a nanoscopic
system, the small value of C0 may induce large fluctua-
tions of the potential. Fluctuations of the local charge

Fictitious charge 
particle (FCP) 

• FCP optimizer 
(static) 

• FCP dynamics 
solver 
(dynamic)

Phys. Rev. Lett. 109, 266101 (2012)

Ṗne = FFCP

= µ� µext

Etot, F i, FFCP

FFCP
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NEB method in    -space

F atom
i , FFCP

F atom
i , FFCP

F atom
i , FFCP

F atom
i , FFCP

Constrained geometry optimisation 
on hyperplane in    -spaceẼ

FCP is also updated at each atomic step. 
  ⇒no additional calculation cost

Searching the minimum energy path 
(MEP) using NEB with constant-μ
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⌦R
<latexit sha1_base64="JkDSexY1ZAhPDgAORGgqmgnA9to=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIRdOGi4MadVewDmhAm09t26MwkzEyUEvspblwo4tYvceffOGmz0NYDA4dz7uWeOVHCqNKu+22VVlbX1jfKm5Wt7Z3dPbu631ZxKgm0SMxi2Y2wAkYFtDTVDLqJBMwjBp1ofJX7nQeQisbiXk8SCDgeCjqgBGsjhXbVv+EwxKHPsR5Jnt1NQ7vm1t0ZnGXiFaSGCjRD+8vvxyTlIDRhWKme5yY6yLDUlDCYVvxUQYLJGA+hZ6jAHFSQzaJPnWOj9J1BLM0T2pmpvzcyzJWa8MhM5gnVopeL/3m9VA8ugoyKJNUgyPzQIGWOjp28B6dPJRDNJoZgIqnJ6pARlpho01bFlOAtfnmZtE/rnlv3bs9qjcuijjI6REfoBHnoHDXQNWqiFiLoET2jV/RmPVkv1rv1MR8tWcXOAfoD6/MHgsyUIg==</latexit><latexit sha1_base64="JkDSexY1ZAhPDgAORGgqmgnA9to=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIRdOGi4MadVewDmhAm09t26MwkzEyUEvspblwo4tYvceffOGmz0NYDA4dz7uWeOVHCqNKu+22VVlbX1jfKm5Wt7Z3dPbu631ZxKgm0SMxi2Y2wAkYFtDTVDLqJBMwjBp1ofJX7nQeQisbiXk8SCDgeCjqgBGsjhXbVv+EwxKHPsR5Jnt1NQ7vm1t0ZnGXiFaSGCjRD+8vvxyTlIDRhWKme5yY6yLDUlDCYVvxUQYLJGA+hZ6jAHFSQzaJPnWOj9J1BLM0T2pmpvzcyzJWa8MhM5gnVopeL/3m9VA8ugoyKJNUgyPzQIGWOjp28B6dPJRDNJoZgIqnJ6pARlpho01bFlOAtfnmZtE/rnlv3bs9qjcuijjI6REfoBHnoHDXQNWqiFiLoET2jV/RmPVkv1rv1MR8tWcXOAfoD6/MHgsyUIg==</latexit><latexit sha1_base64="JkDSexY1ZAhPDgAORGgqmgnA9to=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIRdOGi4MadVewDmhAm09t26MwkzEyUEvspblwo4tYvceffOGmz0NYDA4dz7uWeOVHCqNKu+22VVlbX1jfKm5Wt7Z3dPbu631ZxKgm0SMxi2Y2wAkYFtDTVDLqJBMwjBp1ofJX7nQeQisbiXk8SCDgeCjqgBGsjhXbVv+EwxKHPsR5Jnt1NQ7vm1t0ZnGXiFaSGCjRD+8vvxyTlIDRhWKme5yY6yLDUlDCYVvxUQYLJGA+hZ6jAHFSQzaJPnWOj9J1BLM0T2pmpvzcyzJWa8MhM5gnVopeL/3m9VA8ugoyKJNUgyPzQIGWOjp28B6dPJRDNJoZgIqnJ6pARlpho01bFlOAtfnmZtE/rnlv3bs9qjcuijjI6REfoBHnoHDXQNWqiFiLoET2jV/RmPVkv1rv1MR8tWcXOAfoD6/MHgsyUIg==</latexit><latexit sha1_base64="JkDSexY1ZAhPDgAORGgqmgnA9to=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIRdOGi4MadVewDmhAm09t26MwkzEyUEvspblwo4tYvceffOGmz0NYDA4dz7uWeOVHCqNKu+22VVlbX1jfKm5Wt7Z3dPbu631ZxKgm0SMxi2Y2wAkYFtDTVDLqJBMwjBp1ofJX7nQeQisbiXk8SCDgeCjqgBGsjhXbVv+EwxKHPsR5Jnt1NQ7vm1t0ZnGXiFaSGCjRD+8vvxyTlIDRhWKme5yY6yLDUlDCYVvxUQYLJGA+hZ6jAHFSQzaJPnWOj9J1BLM0T2pmpvzcyzJWa8MhM5gnVopeL/3m9VA8ugoyKJNUgyPzQIGWOjp28B6dPJRDNJoZgIqnJ6pARlpho01bFlOAtfnmZtE/rnlv3bs9qjcuijjI6REfoBHnoHDXQNWqiFiLoET2jV/RmPVkv1rv1MR8tWcXOAfoD6/MHgsyUIg==</latexit>

⌦
<latexit sha1_base64="JhTC7aU4tLZ4qypXxicDFpjDL98=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp0IWlgEbOyMYD4gOcLeZi5Zs7t37O4JIeQ/2FgoYuv/sfPfuEmu0MQHA4/3ZpiZF6WCG+v7397K6tr6xmZhq7i9s7u3Xzo4bJgk0wzrLBGJbkXUoOAK65Zbga1UI5WRwGY0vJn6zSfUhifqwY5SDCXtKx5zRq2TGp07iX3aLZX9ij8DWSZBTsqQo9YtfXV6CcskKssENaYd+KkNx1RbzgROip3MYErZkPax7aiiEk04nl07IadO6ZE40a6UJTP198SYSmNGMnKdktqBWfSm4n9eO7PxVTjmKs0sKjZfFGeC2IRMXyc9rpFZMXKEMs3drYQNqKbMuoCKLoRg8eVl0jivBH4luL8oV6/zOApwDCdwBgFcQhVuoQZ1YPAIz/AKb17ivXjv3se8dcXLZ47gD7zPH11jjvU=</latexit><latexit sha1_base64="JhTC7aU4tLZ4qypXxicDFpjDL98=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp0IWlgEbOyMYD4gOcLeZi5Zs7t37O4JIeQ/2FgoYuv/sfPfuEmu0MQHA4/3ZpiZF6WCG+v7397K6tr6xmZhq7i9s7u3Xzo4bJgk0wzrLBGJbkXUoOAK65Zbga1UI5WRwGY0vJn6zSfUhifqwY5SDCXtKx5zRq2TGp07iX3aLZX9ij8DWSZBTsqQo9YtfXV6CcskKssENaYd+KkNx1RbzgROip3MYErZkPax7aiiEk04nl07IadO6ZE40a6UJTP198SYSmNGMnKdktqBWfSm4n9eO7PxVTjmKs0sKjZfFGeC2IRMXyc9rpFZMXKEMs3drYQNqKbMuoCKLoRg8eVl0jivBH4luL8oV6/zOApwDCdwBgFcQhVuoQZ1YPAIz/AKb17ivXjv3se8dcXLZ47gD7zPH11jjvU=</latexit><latexit sha1_base64="JhTC7aU4tLZ4qypXxicDFpjDL98=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp0IWlgEbOyMYD4gOcLeZi5Zs7t37O4JIeQ/2FgoYuv/sfPfuEmu0MQHA4/3ZpiZF6WCG+v7397K6tr6xmZhq7i9s7u3Xzo4bJgk0wzrLBGJbkXUoOAK65Zbga1UI5WRwGY0vJn6zSfUhifqwY5SDCXtKx5zRq2TGp07iX3aLZX9ij8DWSZBTsqQo9YtfXV6CcskKssENaYd+KkNx1RbzgROip3MYErZkPax7aiiEk04nl07IadO6ZE40a6UJTP198SYSmNGMnKdktqBWfSm4n9eO7PxVTjmKs0sKjZfFGeC2IRMXyc9rpFZMXKEMs3drYQNqKbMuoCKLoRg8eVl0jivBH4luL8oV6/zOApwDCdwBgFcQhVuoQZ1YPAIz/AKb17ivXjv3se8dcXLZ47gD7zPH11jjvU=</latexit><latexit sha1_base64="JhTC7aU4tLZ4qypXxicDFpjDL98=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp0IWlgEbOyMYD4gOcLeZi5Zs7t37O4JIeQ/2FgoYuv/sfPfuEmu0MQHA4/3ZpiZF6WCG+v7397K6tr6xmZhq7i9s7u3Xzo4bJgk0wzrLBGJbkXUoOAK65Zbga1UI5WRwGY0vJn6zSfUhifqwY5SDCXtKx5zRq2TGp07iX3aLZX9ij8DWSZBTsqQo9YtfXV6CcskKssENaYd+KkNx1RbzgROip3MYErZkPax7aiiEk04nl07IadO6ZE40a6UJTP198SYSmNGMnKdktqBWfSm4n9eO7PxVTjmKs0sKjZfFGeC2IRMXyc9rpFZMXKEMs3drYQNqKbMuoCKLoRg8eVl0jivBH4luL8oV6/zOApwDCdwBgFcQhVuoQZ1YPAIz/AKb17ivXjv3se8dcXLZ47gD7zPH11jjvU=</latexit>



Generalized force acting on atoms & FCP

Minimize     instead of the total energy

    includes the potential           derived from an external potentiostat. 
Force acting on atoms

Force acting on FCP

We need to consider the generalized force acting on atoms & FCP to 
optimize the geometry and μ.

E
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⌦
<latexit sha1_base64="JhTC7aU4tLZ4qypXxicDFpjDL98=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp0IWlgEbOyMYD4gOcLeZi5Zs7t37O4JIeQ/2FgoYuv/sfPfuEmu0MQHA4/3ZpiZF6WCG+v7397K6tr6xmZhq7i9s7u3Xzo4bJgk0wzrLBGJbkXUoOAK65Zbga1UI5WRwGY0vJn6zSfUhifqwY5SDCXtKx5zRq2TGp07iX3aLZX9ij8DWSZBTsqQo9YtfXV6CcskKssENaYd+KkNx1RbzgROip3MYErZkPax7aiiEk04nl07IadO6ZE40a6UJTP198SYSmNGMnKdktqBWfSm4n9eO7PxVTjmKs0sKjZfFGeC2IRMXyc9rpFZMXKEMs3drYQNqKbMuoCKLoRg8eVl0jivBH4luL8oV6/zOApwDCdwBgFcQhVuoQZ1YPAIz/AKb17ivXjv3se8dcXLZ47gD7zPH11jjvU=</latexit><latexit sha1_base64="JhTC7aU4tLZ4qypXxicDFpjDL98=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp0IWlgEbOyMYD4gOcLeZi5Zs7t37O4JIeQ/2FgoYuv/sfPfuEmu0MQHA4/3ZpiZF6WCG+v7397K6tr6xmZhq7i9s7u3Xzo4bJgk0wzrLBGJbkXUoOAK65Zbga1UI5WRwGY0vJn6zSfUhifqwY5SDCXtKx5zRq2TGp07iX3aLZX9ij8DWSZBTsqQo9YtfXV6CcskKssENaYd+KkNx1RbzgROip3MYErZkPax7aiiEk04nl07IadO6ZE40a6UJTP198SYSmNGMnKdktqBWfSm4n9eO7PxVTjmKs0sKjZfFGeC2IRMXyc9rpFZMXKEMs3drYQNqKbMuoCKLoRg8eVl0jivBH4luL8oV6/zOApwDCdwBgFcQhVuoQZ1YPAIz/AKb17ivXjv3se8dcXLZ47gD7zPH11jjvU=</latexit><latexit sha1_base64="JhTC7aU4tLZ4qypXxicDFpjDL98=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp0IWlgEbOyMYD4gOcLeZi5Zs7t37O4JIeQ/2FgoYuv/sfPfuEmu0MQHA4/3ZpiZF6WCG+v7397K6tr6xmZhq7i9s7u3Xzo4bJgk0wzrLBGJbkXUoOAK65Zbga1UI5WRwGY0vJn6zSfUhifqwY5SDCXtKx5zRq2TGp07iX3aLZX9ij8DWSZBTsqQo9YtfXV6CcskKssENaYd+KkNx1RbzgROip3MYErZkPax7aiiEk04nl07IadO6ZE40a6UJTP198SYSmNGMnKdktqBWfSm4n9eO7PxVTjmKs0sKjZfFGeC2IRMXyc9rpFZMXKEMs3drYQNqKbMuoCKLoRg8eVl0jivBH4luL8oV6/zOApwDCdwBgFcQhVuoQZ1YPAIz/AKb17ivXjv3se8dcXLZ47gD7zPH11jjvU=</latexit><latexit sha1_base64="JhTC7aU4tLZ4qypXxicDFpjDL98=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp0IWlgEbOyMYD4gOcLeZi5Zs7t37O4JIeQ/2FgoYuv/sfPfuEmu0MQHA4/3ZpiZF6WCG+v7397K6tr6xmZhq7i9s7u3Xzo4bJgk0wzrLBGJbkXUoOAK65Zbga1UI5WRwGY0vJn6zSfUhifqwY5SDCXtKx5zRq2TGp07iX3aLZX9ij8DWSZBTsqQo9YtfXV6CcskKssENaYd+KkNx1RbzgROip3MYErZkPax7aiiEk04nl07IadO6ZE40a6UJTP198SYSmNGMnKdktqBWfSm4n9eO7PxVTjmKs0sKjZfFGeC2IRMXyc9rpFZMXKEMs3drYQNqKbMuoCKLoRg8eVl0jivBH4luL8oV6/zOApwDCdwBgFcQhVuoQZ1YPAIz/AKb17ivXjv3se8dcXLZ47gD7zPH11jjvU=</latexit>

⌦ = E � µextn
<latexit sha1_base64="eAE4XJQURu6l30m3q+Lb2MW7/EQ=">AAACA3icbVBNS8NAEN34WetX1ZteFovgxZKIoAeFggjerGA/oAlls520S3eTsLsRSyh48a948aCIV/+EN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bc3NLywuLRdWiqtr6xubpa3thooSSaFOIx7Jlk8UcBZCXTPNoRVLIMLn0PQHl5nfvAepWBTe6WEMniC9kAWMEm2kTmnXvRHQIxdXR65IOq4gui9FCg96ZMyyXbHHwLPEyUkZ5ah1Sl9uN6KJgFBTTpRqO3asvZRIzSiHUdFNFMSEDkgP2oaGRIDy0vEPI3xglC4OImkq1His/p5IiVBqKHzTmR2ppr1M/M9rJzo481IWxomGkE4WBQnHOsJZILjLJFDNh4YQKpm5FdM+kYRqE1vRhOBMvzxLGscVx644tyfl6nkeRwHtoX10iBx0iqroGtVQHVH0iJ7RK3qznqwX6936mLTOWfnMDvoD6/MHKMCX1g==</latexit><latexit sha1_base64="eAE4XJQURu6l30m3q+Lb2MW7/EQ=">AAACA3icbVBNS8NAEN34WetX1ZteFovgxZKIoAeFggjerGA/oAlls520S3eTsLsRSyh48a948aCIV/+EN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bc3NLywuLRdWiqtr6xubpa3thooSSaFOIx7Jlk8UcBZCXTPNoRVLIMLn0PQHl5nfvAepWBTe6WEMniC9kAWMEm2kTmnXvRHQIxdXR65IOq4gui9FCg96ZMyyXbHHwLPEyUkZ5ah1Sl9uN6KJgFBTTpRqO3asvZRIzSiHUdFNFMSEDkgP2oaGRIDy0vEPI3xglC4OImkq1His/p5IiVBqKHzTmR2ppr1M/M9rJzo481IWxomGkE4WBQnHOsJZILjLJFDNh4YQKpm5FdM+kYRqE1vRhOBMvzxLGscVx644tyfl6nkeRwHtoX10iBx0iqroGtVQHVH0iJ7RK3qznqwX6936mLTOWfnMDvoD6/MHKMCX1g==</latexit><latexit sha1_base64="eAE4XJQURu6l30m3q+Lb2MW7/EQ=">AAACA3icbVBNS8NAEN34WetX1ZteFovgxZKIoAeFggjerGA/oAlls520S3eTsLsRSyh48a948aCIV/+EN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bc3NLywuLRdWiqtr6xubpa3thooSSaFOIx7Jlk8UcBZCXTPNoRVLIMLn0PQHl5nfvAepWBTe6WEMniC9kAWMEm2kTmnXvRHQIxdXR65IOq4gui9FCg96ZMyyXbHHwLPEyUkZ5ah1Sl9uN6KJgFBTTpRqO3asvZRIzSiHUdFNFMSEDkgP2oaGRIDy0vEPI3xglC4OImkq1His/p5IiVBqKHzTmR2ppr1M/M9rJzo481IWxomGkE4WBQnHOsJZILjLJFDNh4YQKpm5FdM+kYRqE1vRhOBMvzxLGscVx644tyfl6nkeRwHtoX10iBx0iqroGtVQHVH0iJ7RK3qznqwX6936mLTOWfnMDvoD6/MHKMCX1g==</latexit><latexit sha1_base64="eAE4XJQURu6l30m3q+Lb2MW7/EQ=">AAACA3icbVBNS8NAEN34WetX1ZteFovgxZKIoAeFggjerGA/oAlls520S3eTsLsRSyh48a948aCIV/+EN/+NmzYHbX0w8Hhvhpl5fsyZ0rb9bc3NLywuLRdWiqtr6xubpa3thooSSaFOIx7Jlk8UcBZCXTPNoRVLIMLn0PQHl5nfvAepWBTe6WEMniC9kAWMEm2kTmnXvRHQIxdXR65IOq4gui9FCg96ZMyyXbHHwLPEyUkZ5ah1Sl9uN6KJgFBTTpRqO3asvZRIzSiHUdFNFMSEDkgP2oaGRIDy0vEPI3xglC4OImkq1His/p5IiVBqKHzTmR2ppr1M/M9rJzo481IWxomGkE4WBQnHOsJZILjLJFDNh4YQKpm5FdM+kYRqE1vRhOBMvzxLGscVx644tyfl6nkeRwHtoX10iBx0iqroGtVQHVH0iJ7RK3qznqwX6936mLTOWfnMDvoD6/MHKMCX1g==</latexit>

F i = � @⌦

@ri
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@ri
<latexit sha1_base64="PUKONwg2TjWpA6lQSFSpf1Gp4FY=">AAACWHicbVFbS8MwGE3r5i7e6nz0JTgEXxytCPqgMBDFNye4C6xlpFm6haVNSVJhlP5JwQf9K76YbkXn5gchJ+c7J5cTP2ZUKtv+MMytUnm7Uq3Vd3b39g+sw0ZP8kRg0sWccTHwkSSMRqSrqGJkEAuCQp+Rvj+7y/v9VyIk5dGLmsfEC9EkogHFSGlqZHHX52ws56Ge0odsRG/P3UAgnLoxEooi5j6FZIKynzVcNQhtyNYd8P5XvSEeWU27ZS8KbgKnAE1QVGdkvbljjpOQRAozJOXQsWPlpfn2mJGs7iaSxAjP0IQMNYxQSKSXLoLJ4KlmxjDgQo9IwQW76khRKPPbaWWI1FSu93Lyv94wUcG1l9IoThSJ8PKgIGFQcZinDMdUEKzYXAOEBdV3hXiKdEpK/0Vdh+CsP3kT9C5ajt1yni+b7Zsijio4BifgDDjgCrTBI+iALsDgHXwZJaNsfJrArJi1pdQ0Cs8R+FNm4xtIVbe2</latexit><latexit sha1_base64="PUKONwg2TjWpA6lQSFSpf1Gp4FY=">AAACWHicbVFbS8MwGE3r5i7e6nz0JTgEXxytCPqgMBDFNye4C6xlpFm6haVNSVJhlP5JwQf9K76YbkXn5gchJ+c7J5cTP2ZUKtv+MMytUnm7Uq3Vd3b39g+sw0ZP8kRg0sWccTHwkSSMRqSrqGJkEAuCQp+Rvj+7y/v9VyIk5dGLmsfEC9EkogHFSGlqZHHX52ws56Ge0odsRG/P3UAgnLoxEooi5j6FZIKynzVcNQhtyNYd8P5XvSEeWU27ZS8KbgKnAE1QVGdkvbljjpOQRAozJOXQsWPlpfn2mJGs7iaSxAjP0IQMNYxQSKSXLoLJ4KlmxjDgQo9IwQW76khRKPPbaWWI1FSu93Lyv94wUcG1l9IoThSJ8PKgIGFQcZinDMdUEKzYXAOEBdV3hXiKdEpK/0Vdh+CsP3kT9C5ajt1yni+b7Zsijio4BifgDDjgCrTBI+iALsDgHXwZJaNsfJrArJi1pdQ0Cs8R+FNm4xtIVbe2</latexit><latexit sha1_base64="PUKONwg2TjWpA6lQSFSpf1Gp4FY=">AAACWHicbVFbS8MwGE3r5i7e6nz0JTgEXxytCPqgMBDFNye4C6xlpFm6haVNSVJhlP5JwQf9K76YbkXn5gchJ+c7J5cTP2ZUKtv+MMytUnm7Uq3Vd3b39g+sw0ZP8kRg0sWccTHwkSSMRqSrqGJkEAuCQp+Rvj+7y/v9VyIk5dGLmsfEC9EkogHFSGlqZHHX52ws56Ge0odsRG/P3UAgnLoxEooi5j6FZIKynzVcNQhtyNYd8P5XvSEeWU27ZS8KbgKnAE1QVGdkvbljjpOQRAozJOXQsWPlpfn2mJGs7iaSxAjP0IQMNYxQSKSXLoLJ4KlmxjDgQo9IwQW76khRKPPbaWWI1FSu93Lyv94wUcG1l9IoThSJ8PKgIGFQcZinDMdUEKzYXAOEBdV3hXiKdEpK/0Vdh+CsP3kT9C5ajt1yni+b7Zsijio4BifgDDjgCrTBI+iALsDgHXwZJaNsfJrArJi1pdQ0Cs8R+FNm4xtIVbe2</latexit><latexit sha1_base64="PUKONwg2TjWpA6lQSFSpf1Gp4FY=">AAACWHicbVFbS8MwGE3r5i7e6nz0JTgEXxytCPqgMBDFNye4C6xlpFm6haVNSVJhlP5JwQf9K76YbkXn5gchJ+c7J5cTP2ZUKtv+MMytUnm7Uq3Vd3b39g+sw0ZP8kRg0sWccTHwkSSMRqSrqGJkEAuCQp+Rvj+7y/v9VyIk5dGLmsfEC9EkogHFSGlqZHHX52ws56Ge0odsRG/P3UAgnLoxEooi5j6FZIKynzVcNQhtyNYd8P5XvSEeWU27ZS8KbgKnAE1QVGdkvbljjpOQRAozJOXQsWPlpfn2mJGs7iaSxAjP0IQMNYxQSKSXLoLJ4KlmxjDgQo9IwQW76khRKPPbaWWI1FSu93Lyv94wUcG1l9IoThSJ8PKgIGFQcZinDMdUEKzYXAOEBdV3hXiKdEpK/0Vdh+CsP3kT9C5ajt1yni+b7Zsijio4BifgDDjgCrTBI+iALsDgHXwZJaNsfJrArJi1pdQ0Cs8R+FNm4xtIVbe2</latexit>
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How to realize constant-μ system

• Fictitious charge particle 
(FCP) is introduced with 
fictitious mass. 

• For static calculation, FCP is 
optimized by line minimization 
scheme. We can obtain the 
grand potential. 

• For MD simulation, FCP is 
evolved by equation of motion 
for FCP. We can obtain the 
grand canonical ensemble. 

• FCP is updated at each atomic 
step. (e.g., Geometry 
optimization step, MD step)

nnew
ernewi

SCF 
calculation
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Output:
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A computational scheme for performing first-principles molecular dynamics (FPMD) simulations
at constant electrode potential is presented, opening the way for a more realistic modeling of voltage-
driven devices. Dynamical equations written for the total electronic charge are used to reproduce
the statistical behavior of the system when connected to an external potentiostat. Although the
total charge of the system changes over time, the electronic structure is computed at each MD step
with a fixed number of electrons. This makes the scheme easily implementable in existing FPMD
codes, because there is no need to modify the core routines for the electronic potential and time
evolution of the atomic positions. This algorithm is demonstrated on a test system considering
various test cases.

PACS numbers: 31.15.E-, 31.15.xv, 82.45.Fk

First-principles molecular dynamics (FPMD) based on
the density functional theory (DFT) have been used for
more than two decades [1, 2] in the study of a wide va-
riety of physical, chemical, and biological systems. In
the primary approach, the system is isolated from the
exterior, and the trajectory samples the microcanonical
ensemble, in which the number of particlesN , the volume
V , and the internal energy E are constant. Alternatively,
extended system dynamics, which allow the exchange of
energy and hence enable the modeling of experimental
setups where the temperature T and pressure P are con-
trolled [3–5], have been extensively applied [6, 7]. Meth-
ods have been also proposed to run grand-canonical MD
simulations, in which the chemical potential of a species
is controlled by dynamically adjusting the number of par-
ticles [8–10].

In many important systems, electric potential bias
serves as one of the control variables. As the field-e�ect
transistor has become ubiquitous, the field-e�ect tech-
nique, whereby a potential bias is applied to control the
electronic structure of a surface, is now also used in re-
lation with superconductors [11], colossal magnetoresis-
tance [12], and spintronics [13]. In electrochemical sys-
tems, reactions are driven by the potential at the surface
of an electrode, and the performance parameters of these
devices often depend critically on the composition and
geometry of the electrode surface [14].

Consequently, it is worth developing methods to run
grand-canonical MD simulations where the potential of
an electrode is controlled. In this case, the term “grand-
canonical” refers to electrons, because their number has
to be adjusted as a function of the electrode potential.
Previously, the approach of Tavernelli et al., where the
electrode is replaced with a model electron reservoir at
fixed chemical potential, has been suitable in treating
the exchange of charge with redox species in solution
[15]. For cases where the electrode has to be treated
explicitly, Lozovoi et al. have demonstrated a method in
which the number of electrons is allowed to vary in the

self-consistent field procedure such that the converged
Fermi level equals a preset value [16]. However, with
this method, a careful choice of the initial charge density
may be required to avoid instabilities from the fluctuating
number of electrons. This requirement poses a problem
for practical MD simulations, implying the need for more
robust algorithms.

In this Letter, we present a new scheme for conducting
FPMD simulations at constant electrode potential. Dy-
namical equations for the total electronic charge are used
to generate a trajectory sampling the grand-canonical
distribution at a given electrode potential. However,
within each MD step, the self-consistent electronic po-
tential is obtained for a fixed number of electrons, thus
preserving the robustness of constant-charge DFT im-
plementations. The algorithm is demonstrated on a test
system.

The proposed method is analogous with the Nosé-
Hoover approach to control the temperature of a sys-
tem. Recall that for a system of N particles of masses
mi, positions ri, and momenta pi, the Nosé-Hoover set
of dynamical equations is written as [3, 4]

ṙi =
pi
mi

,

ṗi = Fi � pi
P�

M�
,

�̇ =
P�

M�
,

Ṗ� =
�

i

p2i
mi

� gkT.

(1)

The force Fi on each particle is obtained as Fi = � ⇤E
⇤ri

,
where E is the potential energy of the particles. � is
the thermostat variable with a corresponding mass M�

and momentum P�. k is Boltzmann’s constant, T is the
temperature, and g is a constant equal to the number
of degrees of freedom in the system (if there are no con-
straints on the positions of particles, g = 3N). For an
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extended system dynamics, which allow the exchange of
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simulations, in which the chemical potential of a species
is controlled by dynamically adjusting the number of par-
ticles [8–10].
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serves as one of the control variables. As the field-e�ect
transistor has become ubiquitous, the field-e�ect tech-
nique, whereby a potential bias is applied to control the
electronic structure of a surface, is now also used in re-
lation with superconductors [11], colossal magnetoresis-
tance [12], and spintronics [13]. In electrochemical sys-
tems, reactions are driven by the potential at the surface
of an electrode, and the performance parameters of these
devices often depend critically on the composition and
geometry of the electrode surface [14].

Consequently, it is worth developing methods to run
grand-canonical MD simulations where the potential of
an electrode is controlled. In this case, the term “grand-
canonical” refers to electrons, because their number has
to be adjusted as a function of the electrode potential.
Previously, the approach of Tavernelli et al., where the
electrode is replaced with a model electron reservoir at
fixed chemical potential, has been suitable in treating
the exchange of charge with redox species in solution
[15]. For cases where the electrode has to be treated
explicitly, Lozovoi et al. have demonstrated a method in
which the number of electrons is allowed to vary in the

self-consistent field procedure such that the converged
Fermi level equals a preset value [16]. However, with
this method, a careful choice of the initial charge density
may be required to avoid instabilities from the fluctuating
number of electrons. This requirement poses a problem
for practical MD simulations, implying the need for more
robust algorithms.

In this Letter, we present a new scheme for conducting
FPMD simulations at constant electrode potential. Dy-
namical equations for the total electronic charge are used
to generate a trajectory sampling the grand-canonical
distribution at a given electrode potential. However,
within each MD step, the self-consistent electronic po-
tential is obtained for a fixed number of electrons, thus
preserving the robustness of constant-charge DFT im-
plementations. The algorithm is demonstrated on a test
system.

The proposed method is analogous with the Nosé-
Hoover approach to control the temperature of a sys-
tem. Recall that for a system of N particles of masses
mi, positions ri, and momenta pi, the Nosé-Hoover set
of dynamical equations is written as [3, 4]
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and momentum P�. k is Boltzmann’s constant, T is the
temperature, and g is a constant equal to the number
of degrees of freedom in the system (if there are no con-
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• Molecular 
dynamics solver 
(dynamic)
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ergodic system, it can be shown that these dynamics lead
to the canonical distribution of the positions and veloci-
ties at the preset temperature T [17]. The instantaneous
temperature, obtained from the particle kinetic energy,
fluctuates around T .

Similarly, in the proposed scheme, the total electronic
charge of the system ne (⌅ 0) is treated as a dynami-
cal variable and is allowed to vary in order to control the
electrode potential. Introducing the fictitious momentum
Pne and mass Mne , the corresponding set of dynamical
equations for the charge is written as

ṅe =
Pne

Mne

,

˙Pne = ⇥ � ⇥pot � Pne

P�c

M�c

,

⇤̇c =
P�c

M�c

,

˙P�c =
P 2
ne

Mne

� kTc.

(2)

Here, ⇥ is the electrode potential. It is a time-dependent
quantity, which is by definition the opposite of the in-
stantaneous potential µe of the electronic charge, ⇥ =
�µe = � ⇤E

⇤ne
. ⇥pot is a preset quantity specifying the

target equilibrium value of the electrode potential, thus
corresponding experimentally to the application of an ex-
ternal potentiostat (Fig. 1). In a finite-size system, where
⇥ is continuously fluctuating in particular due to the mo-
tion of atoms, the term ⇥�⇥pot acts as a “spring force”
driving the system toward the target potential. In addi-
tion, a separate thermostat with control variable ⇤c and
temperature Tc is also attached to the charge. As the
heat baths for the charge and for the particles are dis-
tinct, their temperatures can either be equal (Tc = T ) or
di⇤erent (Tc ⌃= T ).

We now show that if Tc = T , the dynamics specified
by Eqs. (1) and (2) lead to the grand-canonical ensem-
ble distribution at temperature T and electrode potential
⇥pot. Let the extended energy H0 be defined as

H0 =
X

i

p2i
2mi

+ E(ri, ne) + ⇥potne +
X

j2{ne,�,�c}

P 2
j

2Mj
,

which is a function of the extended phase space coor-
dinate � = (ri, pi, ne, Pne , ⇤, P�, ⇤c, P�c). Using Eqs. (1)
and (2) with the assumption that Tc = T , its time deriva-
tive is obtained as

dH0

dt
=

✓
�̇ ·  

 �

◆
H0 = �kT


g
P�

M�
+

P�c

M�c

�
.

Consequently,

H00 = H0 + kT (g⇤ + ⇤c)

is a constant of motion (D). In general, the charged
system is subject to an external electric force from the
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FIG. 1: Setup of the computational system. The electrode
potential � is defined with the convention that the counter-
electrode is at 0 V. The dashed square represents the unit
cell.

counter-electrode, implying that this is the only conser-
vation law. Now, introducing the probability distribution
⌅, its time derivative is obtained from the generalized Li-
ouville equation:

dln⌅

dt
= �  

 �
· �̇ = g

P�

M�
+

P�c

M�c

=
d

dt
(g⇤ + ⇤c) .

Following the approach of Tuckerman et al. [17, 18], the
partition function is written by including the conserva-
tion law:

Z =

Z
eg�+�c� [H0 + kT (g⇤ + ⇤c) � D] d�

=

Z
e

D�H⇥
kT dridpidnedPnedP�d⇤cdP�c

⇧
Z

e�
H
kT dridpidne,

where

H =
X

i

p2i
2mi

+ E(ri, ne) + ⇥potne.

This shows that the grand-canonical distribution is ob-
tained, at temperature T and electrode potential ⇥pot,
assuming that the system is ergodic. This result can also
be obtained by connecting the particles and the charge
to only one heat bath.

The thermal energy causes ne and ⇥ to fluctuate
around their respective averages  ne⌦ and ⇥pot. Apply-
ing linear response theory to the grand-canonical distri-
bution, the di⇤erential static capacitance of the system
C0 is obtained as [19]

C0 ⇤ � d ne⌦
d⇥pot

=
⇧2
ne

kTc
, (3)

where ⇧ne denotes the standard deviation of the charge.
The standard deviation of the electrode potential ⇧� can
be roughly estimated as ⇧ne/C0, and it therefore scales asp
Tc/C0, while C0 scales with the size of the system. Ac-

cordingly, if the simulation is conducted on a nanoscopic
system, the small value of C0 may induce large fluctua-
tions of the potential. Fluctuations of the local charge

Fictitious charge 
particle (FCP) 

• FCP optimizer 
(static) 

• FCP dynamics 
solver 
(dynamic)

Phys. Rev. Lett. 109, 266101 (2012)

Ṗne = FFCP

= µ� µext

Etot, F i, FFCP

FFCP
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Test calculation (Pt-H2O interface)
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Outline

• Introduction
• Simulation platform for electrochemical interface

- Effective screening medium (ESM) method
- Constant bias potential (constant-μe) method
- Hybrid simulation method: DFT+liquid theory  

(ESM-RISM)
• Applications

- Lithium Insertion/Desorption Reaction in Li-ion battery
• Summary 
• Appendix (How to define the electrode potential from 

DFT)
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ESM-RISM method
Reference Interaction Site Model

3.Screening in diffuse 
layer 

4.Origin of electrostatic 
potential

Effective Screening Medium method

Phys. Rev. B 73, 115407 (2006)

Phys. Rev. Lett. 109, 266101 (2012)
Constant-μ method

ESM method1.Strong electric 
field in Helmholtz 
layer

2.Bias potential 
control

Simulation platform for electrochemical 
interfaces
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ESM-RISM method
Reference Interaction Site Model

3.Screening in diffuse 
layer 

4.Origin of electrostatic 
potential

Simulation platform for electrochemical 
interfaces

el
ec

tr
od

e

+

+
+

-

+

-

+
-

el
ec

tr
od

e

+

+
+

-

+

-

+
-

1mol/L NaCl (aq)

•Explicit solvation model •Implicit solvation model

• All atom calculation 
•  BOMD, CPMD, …

• Classical liquid theory 
• JDFTx, ENVIRON, PCM,…
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Concept of DFT+continuum medium hybrid method

 36

⇥[�(r)⇥]V (r) = �4⇥⇤tot(r)

Generalized Poisson equation
⇢tot = ⇢DFT + ⇢solv

E[⇤e, V ] = T [⇤e] + Exc[⇤e] +
⇤

dr

�
��(r)

8⇥
|⇤V (r)|2 + ⇤tot(r)V (r)

⇥

Total energy functional

�
�1

2
⇥2 + V (r) + V̂NL + Vxc(r)

⇥
�i(r) = ⇥i�i(r)

Kohn-Sham equation

E[�] = T [�] + Exc[�] +
1
2

��
drdr� �(r)�(r�)

|r � r�| +
�

drvext(r)�(r) + Eion

V ➠ variable

�E

��e
= 0

�E

�V
= 0

PCM: Environ  
RISM: ESM-RISM 
CDFT: JDFT



Concept of DFT+continuum medium hybrid method
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⇥[�(r)⇥]V (r) = �4⇥⇤tot(r)

Generalized Poisson equation
⇢tot = ⇢DFT + ⇢solv

⇢solv

⇢DFT

PCM, RISM, CDFT



Concept of DFT+continuum medium hybrid method

V (r) =
�

dr
�tot(r�)
|r � r�|

�(r) = 1
PCM, JDFT

�(r) : model dependent
ESM

V (r) =

Z
dr0GMBC(r, r0)⇢tot(r

0)

Laue representation
h
@z {✏(z)@z}� ✏(z)g2k

i
V (gk, z) = �4⇡⇢tot(gk, z)

Open boundary condition

8
>>><

>>>:

GMBC(gk, z, z
0) =

4⇡

2gk
e�gk|z�z0|

GMBC(rk � r0k, z, z
0) =

1q
|rk � r0k|2 + (z � z0)2

@zV (gk, z)
���
z=±1

= 0, ✏(z) = 1
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Concept of DFT+continuum medium hybrid method

E[⇤e, V ] = T [⇤e] + Exc[⇤e] +
⇤

dr

�
��(r)

8⇥
|⇤V (r)|2 + ⇤tot(r)V (r)

⇥

Total energy functional

⇥[�(r)⇥]V (r) = �4⇥⇤tot(r)

�
�1

2
⇥2 + V (r) + V̂NL + Vxc(r)

⇥
�i(r) = ⇥i�i(r)

Generalized Poisson equation

Kohn-Sham equation

E[�] = T [�] + Exc[�] +
1
2

��
drdr� �(r)�(r�)

|r � r�| +
�

drvext(r)�(r) + Eion

V (r) =
�

dr
�tot(r�)
|r � r�|

�(r) = 1
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�(r) : model dependent
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V ➠ variable
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V (r) =

Z
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Continuum Genealogy
• Tomasi and Persico, Chem. Rev. 94, 2027 (1994). 

• Tomasi, Mennucci, Cammi, Chem. Rev. 105, 2999 (2005).
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Implicit solvation models

Classical Density Functional Theory (CDFT)

Ornstein–Zernike (OZ) equation

Reference Interaction Site 
Model (RISM)

Ac
cu

ra
cy

 

Joint Density Functional Theory 
(JDFT)

PCM

·
·
·

Variant of JDFT
·
·
·
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What is the RISM theory?

Ornstein-Zernike equation
8
<

:
h(r1, r2) = c(r1, r2) +

Z
dr3c(r1, r3)⇢(r3)h(r3, r2)

h(r1, r2) = g(r1, r2)� 1

h(12) = c(12) +

Z
d(3)c(13)⇢(3)c(32) +

Z
d(3)d(4)c(13)⇢(3)c(34)⇢(4)c(42) · · ·

1 2

3 4 ⇢(4)

Z
d(3)

Z
d(4)
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Total correlation function
Direct correlation function

Pair distribution function



1D-RISM

1D-RISM equation

Closure relation (Kovalenco-Hirata)

Interaction between atomic sites
(Lennard-Jones + Coulomb)

8
>>>>><

>>>>>:

h↵�(r) =
X

µ⌫

Z
dr0

Z
dr00!↵µ(|r � r0|)cµ⌫(|r0 � r00|)�⌫�(r

00)

!↵µ(r) =
1

4⇡r2
�(r � l↵µ)

�⌫�(r) = !⌫�(r) + ⇢�h⌫�(r)

g↵�(r) =

(
exp [��u↵�(r) + h↵�(r)� c↵�(r)] for g↵�  1

1� �u↵�(r) + h↵�(r)� c↵�(r) for g↵� > 1

8
>>>><

>>>>:

u↵�(r) = 4✏↵�

⇣�↵�

r

⌘12
�
⇣�↵�

r

⌘6
�
+

q↵q�
r

✏↵� =
p
✏↵✏�

�↵� =
�↵ + ��
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3D-RISM

!"($)

!&($)

3D-RISM equation

Closure relation (Kovalenco-Hirata)

Interaction between atomic sites
(Lennard-Jones + Coulomb)

g�(r) =

(
exp [��u�(r) + h�(r)� c�(r)] for g�  1

1� �u�(r) + h�(r)� c�(r) for g� > 1

u�(r) =
X

A

4✏�A

"✓
��A

|r �RA|

◆12

�
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◆6
#
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Z
dr0

q�⇢DFT

|r � r0|
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>>>:
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�⌫�(g)e
ig·r

h�(r) =
X

⌫

Z
dr0c⌫(r

0)�⌫�(r
0 � r)

From 1D-RISM
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Laue-RISM

Laue-RISM equation

Closure relation (Kovalenco-Hirata)

Interaction between atomic sites
(Lennard-Jones + Coulomb)

g�(r) =

(
exp [��u�(r) + h�(r)� c�(r)] for g�  1
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Al - NaCl aqueous interface
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Al/NaCl溶液界面(電気二重層)
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RISM vs. Debye Hückel

LJ	parameter	of	Pt	is	fitted	
by	Xe-Pt	DFT	potential.
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Outline

• Introduction
• Simulation platform for electrochemical interface

- Effective screening medium (ESM) method
- Constant bias potential (constant-μe) method
- Hybrid simulation method: DFT+liquid theory  

(ESM-RISM)
• Applications

- Lithium Insertion/Desorption Reaction in Li-ion battery
• Summary 
• Appendix (How to define the electrode potential from 

DFT)
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Solvation process of Li-ion

EC, LiPF6(1ML)

Li+

e−

Li+

e− e−

Li+ Li+

Graphite, LCO

DFT RISM

e−

constant-μ V0 µext

Calculation cell  50
J. Haruyama, et. al., MO, J. Phys. Chem. C, 122, 9804(2018)



Electrochemical impedance spectroscopy (EIS) 
measurements

Typical EIS of Conventional LIB cell  
LiCoO2|EC3:EMC7 LiPF6 1M|Graphite

S. S. Zhang, K. Xu, and T. R. Jow, Electrochemica Acta 49, 1057 (2004).

In the fully charged and discharged states as well as 
at the low temperatures (≤20◦C), the Rcell of the Li-
ion cells is predominated by the Rct. 

Temperature-dependence of Rct @0.2 V vs. Li/Li+

T. Abe, H. Fukuda, Y. Iriyama, and Z. Ogumi, J. Electrochem. Soc. 151, 
A1120 (2004).

The activation energies were evaluated to be around 
50-60 kJ/mol (0.5-0.6 eV). These values are very 
large compared to lithium ion conduction in active 
materials. 
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Definition of the electrode potential (Calculation)

Li reaction path

LiC12 slab + Li (DFT) EC LiPF6 1M solution (RISM)

r

J. Haruyama, et. al., MO, JPCC(2018)

Remove from bulk region

Remove from edge

 52

-3.0

-3.5

-4.0

µ
e
(e
V
)

<latexit sha1_base64="34bMzmBBfMGtwpoTVSTbwW3drgs=">AAAB/HicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoIKLghuXFUxbaEKZTG/boTNJmJkINRR/xY0LFbd+iDv/xkmbhbYeGDiccy/3zAkTzpR2nG9raXlldW29tFHe3Nre2bX39psqTiUFj8Y8lu2QKOAsAk8zzaGdSCAi5NAKRze533oAqVgc3etxAoEgg4j1GSXaSF370BdpF3xc9QXRQykyaE5Ou3bFqTlT4EXiFqSCCjS69pffi2kqINKUE6U6rpPoICNSM8phUvZTBQmhIzKAjqEREaCCbJp+gk+M0sP9WJoXaTxVf29kRCg1FqGZzDOqeS8X//M6qe5fBhmLklRDRGeH+inHOsZ5FbjHJFDNx4YQKpnJiumQSEK1KaxsSnDnv7xIvLPaVc25O6/Ur4s2SugIHaMqctEFqqNb1EAeougRPaNX9GY9WS/Wu/UxG12yip0D9AfW5w9KzJSn</latexit><latexit sha1_base64="34bMzmBBfMGtwpoTVSTbwW3drgs=">AAAB/HicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoIKLghuXFUxbaEKZTG/boTNJmJkINRR/xY0LFbd+iDv/xkmbhbYeGDiccy/3zAkTzpR2nG9raXlldW29tFHe3Nre2bX39psqTiUFj8Y8lu2QKOAsAk8zzaGdSCAi5NAKRze533oAqVgc3etxAoEgg4j1GSXaSF370BdpF3xc9QXRQykyaE5Ou3bFqTlT4EXiFqSCCjS69pffi2kqINKUE6U6rpPoICNSM8phUvZTBQmhIzKAjqEREaCCbJp+gk+M0sP9WJoXaTxVf29kRCg1FqGZzDOqeS8X//M6qe5fBhmLklRDRGeH+inHOsZ5FbjHJFDNx4YQKpnJiumQSEK1KaxsSnDnv7xIvLPaVc25O6/Ur4s2SugIHaMqctEFqqNb1EAeougRPaNX9GY9WS/Wu/UxG12yip0D9AfW5w9KzJSn</latexit><latexit sha1_base64="34bMzmBBfMGtwpoTVSTbwW3drgs=">AAAB/HicbVDLSsNAFJ34rPUVHzs3g0Wom5KIoIKLghuXFUxbaEKZTG/boTNJmJkINRR/xY0LFbd+iDv/xkmbhbYeGDiccy/3zAkTzpR2nG9raXlldW29tFHe3Nre2bX39psqTiUFj8Y8lu2QKOAsAk8zzaGdSCAi5NAKRze533oAqVgc3etxAoEgg4j1GSXaSF370BdpF3xc9QXRQykyaE5Ou3bFqTlT4EXiFqSCCjS69pffi2kqINKUE6U6rpPoICNSM8phUvZTBQmhIzKAjqEREaCCbJp+gk+M0sP9WJoXaTxVf29kRCg1FqGZzDOqeS8X//M6qe5fBhmLklRDRGeH+inHOsZ5FbjHJFDNx4YQKpnJiumQSEK1KaxsSnDnv7xIvLPaVc25O6/Ur4s2SugIHaMqctEFqqNb1EAeougRPaNX9GY9WS/Wu/UxG12yip0D9AfW5w9KzJSn</latexit>

-5.0
-6.0
-7.0

0.0

0.5

1.0

P
otential

(V
vs.

L
i/L

i +
)

<latexit sha1_base64="v4cL71KPWB377Q7aF4NE9MpoAK0=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0WoCDERoQouCm5cdFHBtIUmlsl00g6dPJiZFErop7jxV9y4UBF3/RsnbQpaPTBw5tx7ufccL2ZUSNOcaoWV1bX1jeJmaWt7Z3dP3z9oiijhmNg4YhFve0gQRkNiSyoZacecoMBjpOUNb7N6a0S4oFH4IMcxcQPUD6lPMZJK6upVJ0BywIO0EUkSSorYxIGVhdhUn5EwHLgQ6vS8TiePZ6ddvWwa5gzwL7FyUgY5Gl39y+lFOAnUEsyQEB3LjKWbIi4pZmRSchJBYoSHqE86ioYoIMJNZwYn8EQpPehHXL1Qwpn6cyJFgRDjwFOd2aFiuZaJ/9U6ifSv3JSGcaLc4/kiP2FQRjBLC/YoJ1iysSIIc6puhXiAOMJSZVpSIVjLlv8S+8K4Nsz7y3LtJk+jCI7AMagAC1RBDdyBBrABBk/gBbyBd+1Ze9U+tM95a0HLZw7BL2jTb1j0ozk=</latexit><latexit sha1_base64="v4cL71KPWB377Q7aF4NE9MpoAK0=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0WoCDERoQouCm5cdFHBtIUmlsl00g6dPJiZFErop7jxV9y4UBF3/RsnbQpaPTBw5tx7ufccL2ZUSNOcaoWV1bX1jeJmaWt7Z3dP3z9oiijhmNg4YhFve0gQRkNiSyoZacecoMBjpOUNb7N6a0S4oFH4IMcxcQPUD6lPMZJK6upVJ0BywIO0EUkSSorYxIGVhdhUn5EwHLgQ6vS8TiePZ6ddvWwa5gzwL7FyUgY5Gl39y+lFOAnUEsyQEB3LjKWbIi4pZmRSchJBYoSHqE86ioYoIMJNZwYn8EQpPehHXL1Qwpn6cyJFgRDjwFOd2aFiuZaJ/9U6ifSv3JSGcaLc4/kiP2FQRjBLC/YoJ1iysSIIc6puhXiAOMJSZVpSIVjLlv8S+8K4Nsz7y3LtJk+jCI7AMagAC1RBDdyBBrABBk/gBbyBd+1Ze9U+tM95a0HLZw7BL2jTb1j0ozk=</latexit><latexit sha1_base64="v4cL71KPWB377Q7aF4NE9MpoAK0=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0WoCDERoQouCm5cdFHBtIUmlsl00g6dPJiZFErop7jxV9y4UBF3/RsnbQpaPTBw5tx7ufccL2ZUSNOcaoWV1bX1jeJmaWt7Z3dP3z9oiijhmNg4YhFve0gQRkNiSyoZacecoMBjpOUNb7N6a0S4oFH4IMcxcQPUD6lPMZJK6upVJ0BywIO0EUkSSorYxIGVhdhUn5EwHLgQ6vS8TiePZ6ddvWwa5gzwL7FyUgY5Gl39y+lFOAnUEsyQEB3LjKWbIi4pZmRSchJBYoSHqE86ioYoIMJNZwYn8EQpPehHXL1Qwpn6cyJFgRDjwFOd2aFiuZaJ/9U6ifSv3JSGcaLc4/kiP2FQRjBLC/YoJ1iysSIIc6puhXiAOMJSZVpSIVjLlv8S+8K4Nsz7y3LtJk+jCI7AMagAC1RBDdyBBrABBk/gBbyBd+1Ze9U+tM95a0HLZw7BL2jTb1j0ozk=</latexit>

2.0
3.0
4.0

µpzc
<latexit sha1_base64="jL4P1IyzrK5NoIss0Brlex4aRRo=">AAAB+HicbVBNS8NAFHypX7V+RT16CRbBU0lEUMFDwYvHCkYLTQib7aZdursJu5tCDf0nXjyoePWnePPfuGlz0NaBhWHmPd7sxBmjSrvut1VbWV1b36hvNra2d3b37P2DB5XmEhMfpyyV3RgpwqggvqaakW4mCeIxI4/x6Kb0H8dEKpqKez3JSMjRQNCEYqSNFNl2wPMo4EgPJS+yJzyN7KbbcmdwlolXkSZU6ET2V9BPcc6J0JghpXqem+mwQFJTzMi0EeSKZAiP0ID0DBWIExUWs+RT58QofSdJpXlCOzP190aBuFITHpvJMqNa9ErxP6+X6+QyLKjIck0Enh9Kcubo1ClrcPpUEqzZxBCEJTVZHTxEEmFtymqYErzFLy8T/6x11XLvzpvt66qNOhzBMZyCBxfQhlvogA8YxvAMr/BmFdaL9W59zEdrVrVzCH9gff4Ar6qT3w==</latexit><latexit sha1_base64="jL4P1IyzrK5NoIss0Brlex4aRRo=">AAAB+HicbVBNS8NAFHypX7V+RT16CRbBU0lEUMFDwYvHCkYLTQib7aZdursJu5tCDf0nXjyoePWnePPfuGlz0NaBhWHmPd7sxBmjSrvut1VbWV1b36hvNra2d3b37P2DB5XmEhMfpyyV3RgpwqggvqaakW4mCeIxI4/x6Kb0H8dEKpqKez3JSMjRQNCEYqSNFNl2wPMo4EgPJS+yJzyN7KbbcmdwlolXkSZU6ET2V9BPcc6J0JghpXqem+mwQFJTzMi0EeSKZAiP0ID0DBWIExUWs+RT58QofSdJpXlCOzP190aBuFITHpvJMqNa9ErxP6+X6+QyLKjIck0Enh9Kcubo1ClrcPpUEqzZxBCEJTVZHTxEEmFtymqYErzFLy8T/6x11XLvzpvt66qNOhzBMZyCBxfQhlvogA8YxvAMr/BmFdaL9W59zEdrVrVzCH9gff4Ar6qT3w==</latexit><latexit sha1_base64="jL4P1IyzrK5NoIss0Brlex4aRRo=">AAAB+HicbVBNS8NAFHypX7V+RT16CRbBU0lEUMFDwYvHCkYLTQib7aZdursJu5tCDf0nXjyoePWnePPfuGlz0NaBhWHmPd7sxBmjSrvut1VbWV1b36hvNra2d3b37P2DB5XmEhMfpyyV3RgpwqggvqaakW4mCeIxI4/x6Kb0H8dEKpqKez3JSMjRQNCEYqSNFNl2wPMo4EgPJS+yJzyN7KbbcmdwlolXkSZU6ET2V9BPcc6J0JghpXqem+mwQFJTzMi0EeSKZAiP0ID0DBWIExUWs+RT58QofSdJpXlCOzP190aBuFITHpvJMqNa9ErxP6+X6+QyLKjIck0Enh9Kcubo1ClrcPpUEqzZxBCEJTVZHTxEEmFtymqYErzFLy8T/6x11XLvzpvt66qNOhzBMZyCBxfQhlvogA8YxvAMr/BmFdaL9W59zEdrVrVzCH9gff4Ar6qT3w==</latexit>

µe(LiC12)� µe(Li)

= �G/nF
<latexit sha1_base64="32aHwlMucKyuWDvcBvzmL8WsDM8=">AAACIXicbVBNSwMxEM36bf2qevQSLIIerLsiqKAgVNSDhwrWFrplyabTNjTJLklWKMv+Fi/+FS8eVHoT/4zpx0GrDwYe780wMy+MOdPGdT+dqemZ2bn5hcXc0vLK6lp+feNBR4miUKERj1QtJBo4k1AxzHCoxQqICDlUw25p4FcfQWkWyXvTi6EhSFuyFqPEWCnIn/oiCWDXF8R0lEhvWSkLUu8w29ufNLI93z/3L4Ebgq8P5FWQL7hFdwj8l3hjUkBjlIN8329GNBEgDeVE67rnxqaREmUY5ZDl/ERDTGiXtKFuqSQCdCMdvpjhHas0cStStqTBQ/XnREqE1j0R2s7BxXrSG4j/efXEtE4aKZNxYkDS0aJWwrGJ8CAv3GQKqOE9SwhVzN6KaYcoQo1NNWdD8CZf/ksqh8XTont3VLg4G6exgLbQNtpFHjpGF+gGlVEFUfSEXtAbeneenVfnw+mPWqec8cwm+gXn6xt7c6Mr</latexit><latexit sha1_base64="32aHwlMucKyuWDvcBvzmL8WsDM8=">AAACIXicbVBNSwMxEM36bf2qevQSLIIerLsiqKAgVNSDhwrWFrplyabTNjTJLklWKMv+Fi/+FS8eVHoT/4zpx0GrDwYe780wMy+MOdPGdT+dqemZ2bn5hcXc0vLK6lp+feNBR4miUKERj1QtJBo4k1AxzHCoxQqICDlUw25p4FcfQWkWyXvTi6EhSFuyFqPEWCnIn/oiCWDXF8R0lEhvWSkLUu8w29ufNLI93z/3L4Ebgq8P5FWQL7hFdwj8l3hjUkBjlIN8329GNBEgDeVE67rnxqaREmUY5ZDl/ERDTGiXtKFuqSQCdCMdvpjhHas0cStStqTBQ/XnREqE1j0R2s7BxXrSG4j/efXEtE4aKZNxYkDS0aJWwrGJ8CAv3GQKqOE9SwhVzN6KaYcoQo1NNWdD8CZf/ksqh8XTont3VLg4G6exgLbQNtpFHjpGF+gGlVEFUfSEXtAbeneenVfnw+mPWqec8cwm+gXn6xt7c6Mr</latexit><latexit sha1_base64="32aHwlMucKyuWDvcBvzmL8WsDM8=">AAACIXicbVBNSwMxEM36bf2qevQSLIIerLsiqKAgVNSDhwrWFrplyabTNjTJLklWKMv+Fi/+FS8eVHoT/4zpx0GrDwYe780wMy+MOdPGdT+dqemZ2bn5hcXc0vLK6lp+feNBR4miUKERj1QtJBo4k1AxzHCoxQqICDlUw25p4FcfQWkWyXvTi6EhSFuyFqPEWCnIn/oiCWDXF8R0lEhvWSkLUu8w29ufNLI93z/3L4Ebgq8P5FWQL7hFdwj8l3hjUkBjlIN8329GNBEgDeVE67rnxqaREmUY5ZDl/ERDTGiXtKFuqSQCdCMdvpjhHas0cStStqTBQ/XnREqE1j0R2s7BxXrSG4j/efXEtE4aKZNxYkDS0aJWwrGJ8CAv3GQKqOE9SwhVzN6KaYcoQo1NNWdD8CZf/ksqh8XTont3VLg4G6exgLbQNtpFHjpGF+gGlVEFUfSEXtAbeneenVfnw+mPWqec8cwm+gXn6xt7c6Mr</latexit>

µe(Li/Li
+) = �3.08 eV

<latexit sha1_base64="V483h094Se6E188QVxU0FiarEu4=">AAACEXicdVDLSsNAFJ3UV62vqEs3wSK0iDVRwQoKBTcuuqhgaqGtZTK9bYfOJGFmIpQQf8GNv+LGhYpbd+78G5M+oL4OXDiccy/33uP4jEplmp9aamZ2bn4hvZhZWl5ZXdPXN6rSCwQBm3jMEzUHS2DUBVtRxaDmC8DcYXDt9M8T//oWhKSee6UGPjQ57rq0QwlWsdTS8w0etCDX4Fj1BA/LdL9Mo5vd/NneYcEs3k10qEYtPWsVzCEM8xeZWFk0RqWlfzTaHgk4uIowLGXdMn3VDLFQlDCIMo1Ago9JH3ehHlMXc5DNcPhSZOzEStvoeCIuVxlDdXoixFzKAXfizuRE+dNLxL+8eqA6xWZIXT9Q4JLRok7ADOUZST5Gmwogig1igomg8a0G6WGBiYpTzEyH8D+xDwonBevyKFs6HaeRRltoG+WQhY5RCV2gCrIRQffoET2jF+1Be9JetbdRa0obz2yib9DevwAct5yv</latexit><latexit sha1_base64="V483h094Se6E188QVxU0FiarEu4=">AAACEXicdVDLSsNAFJ3UV62vqEs3wSK0iDVRwQoKBTcuuqhgaqGtZTK9bYfOJGFmIpQQf8GNv+LGhYpbd+78G5M+oL4OXDiccy/33uP4jEplmp9aamZ2bn4hvZhZWl5ZXdPXN6rSCwQBm3jMEzUHS2DUBVtRxaDmC8DcYXDt9M8T//oWhKSee6UGPjQ57rq0QwlWsdTS8w0etCDX4Fj1BA/LdL9Mo5vd/NneYcEs3k10qEYtPWsVzCEM8xeZWFk0RqWlfzTaHgk4uIowLGXdMn3VDLFQlDCIMo1Ago9JH3ehHlMXc5DNcPhSZOzEStvoeCIuVxlDdXoixFzKAXfizuRE+dNLxL+8eqA6xWZIXT9Q4JLRok7ADOUZST5Gmwogig1igomg8a0G6WGBiYpTzEyH8D+xDwonBevyKFs6HaeRRltoG+WQhY5RCV2gCrIRQffoET2jF+1Be9JetbdRa0obz2yib9DevwAct5yv</latexit><latexit sha1_base64="V483h094Se6E188QVxU0FiarEu4=">AAACEXicdVDLSsNAFJ3UV62vqEs3wSK0iDVRwQoKBTcuuqhgaqGtZTK9bYfOJGFmIpQQf8GNv+LGhYpbd+78G5M+oL4OXDiccy/33uP4jEplmp9aamZ2bn4hvZhZWl5ZXdPXN6rSCwQBm3jMEzUHS2DUBVtRxaDmC8DcYXDt9M8T//oWhKSee6UGPjQ57rq0QwlWsdTS8w0etCDX4Fj1BA/LdL9Mo5vd/NneYcEs3k10qEYtPWsVzCEM8xeZWFk0RqWlfzTaHgk4uIowLGXdMn3VDLFQlDCIMo1Ago9JH3ehHlMXc5DNcPhSZOzEStvoeCIuVxlDdXoixFzKAXfizuRE+dNLxL+8eqA6xWZIXT9Q4JLRok7ADOUZST5Gmwogig1igomg8a0G6WGBiYpTzEyH8D+xDwonBevyKFs6HaeRRltoG+WQhY5RCV2gCrIRQffoET2jF+1Be9JetbdRa0obz2yib9DevwAct5yv</latexit><latexit sha1_base64="V483h094Se6E188QVxU0FiarEu4=">AAACEXicdVDLSsNAFJ3UV62vqEs3wSK0iDVRwQoKBTcuuqhgaqGtZTK9bYfOJGFmIpQQf8GNv+LGhYpbd+78G5M+oL4OXDiccy/33uP4jEplmp9aamZ2bn4hvZhZWl5ZXdPXN6rSCwQBm3jMEzUHS2DUBVtRxaDmC8DcYXDt9M8T//oWhKSee6UGPjQ57rq0QwlWsdTS8w0etCDX4Fj1BA/LdL9Mo5vd/NneYcEs3k10qEYtPWsVzCEM8xeZWFk0RqWlfzTaHgk4uIowLGXdMn3VDLFQlDCIMo1Ago9JH3ehHlMXc5DNcPhSZOzEStvoeCIuVxlDdXoixFzKAXfizuRE+dNLxL+8eqA6xWZIXT9Q4JLRok7ADOUZST5Gmwogig1igomg8a0G6WGBiYpTzEyH8D+xDwonBevyKFs6HaeRRltoG+WQhY5RCV2gCrIRQffoET2jF+1Be9JetbdRa0obz2yib9DevwAct5yv</latexit>

µe(LCO)
<latexit sha1_base64="VmZBEKfbfKDRzjKrKKnb25K35Zs=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGBF24KHTjQrCCfUBnGDJp2oYmmSHJCMNQf8WNC0Xc+iHu/Bsz7Sy09UDgcM693JMTxowq7TjfVmltfWNzq7xd2dnd2z+wD4+6KkokJh0csUj2Q6QIo4J0NNWM9GNJEA8Z6YXTVu73HolUNBIPOo2Jz9FY0BHFSBspsKseTwJS9zjSE8mz29bd7Cywa07DmQOuErcgNVCgHdhf3jDCCSdCY4aUGrhOrP0MSU0xI7OKlygSIzxFYzIwVCBOlJ/Nw8/gqVGGcBRJ84SGc/X3Roa4UikPzWQeUi17ufifN0j06MrPqIgTTQReHBolDOoI5k3AIZUEa5YagrCkJivEEyQR1qaviinBXf7yKumeN1yn4d5f1JrXRR1lcAxOQB244BI0wQ1ogw7AIAXP4BW8WU/Wi/VufSxGS1axUwV/YH3+ADNolHE=</latexit><latexit sha1_base64="VmZBEKfbfKDRzjKrKKnb25K35Zs=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGBF24KHTjQrCCfUBnGDJp2oYmmSHJCMNQf8WNC0Xc+iHu/Bsz7Sy09UDgcM693JMTxowq7TjfVmltfWNzq7xd2dnd2z+wD4+6KkokJh0csUj2Q6QIo4J0NNWM9GNJEA8Z6YXTVu73HolUNBIPOo2Jz9FY0BHFSBspsKseTwJS9zjSE8mz29bd7Cywa07DmQOuErcgNVCgHdhf3jDCCSdCY4aUGrhOrP0MSU0xI7OKlygSIzxFYzIwVCBOlJ/Nw8/gqVGGcBRJ84SGc/X3Roa4UikPzWQeUi17ufifN0j06MrPqIgTTQReHBolDOoI5k3AIZUEa5YagrCkJivEEyQR1qaviinBXf7yKumeN1yn4d5f1JrXRR1lcAxOQB244BI0wQ1ogw7AIAXP4BW8WU/Wi/VufSxGS1axUwV/YH3+ADNolHE=</latexit><latexit sha1_base64="VmZBEKfbfKDRzjKrKKnb25K35Zs=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGBF24KHTjQrCCfUBnGDJp2oYmmSHJCMNQf8WNC0Xc+iHu/Bsz7Sy09UDgcM693JMTxowq7TjfVmltfWNzq7xd2dnd2z+wD4+6KkokJh0csUj2Q6QIo4J0NNWM9GNJEA8Z6YXTVu73HolUNBIPOo2Jz9FY0BHFSBspsKseTwJS9zjSE8mz29bd7Cywa07DmQOuErcgNVCgHdhf3jDCCSdCY4aUGrhOrP0MSU0xI7OKlygSIzxFYzIwVCBOlJ/Nw8/gqVGGcBRJ84SGc/X3Roa4UikPzWQeUi17ufifN0j06MrPqIgTTQReHBolDOoI5k3AIZUEa5YagrCkJivEEyQR1qaviinBXf7yKumeN1yn4d5f1JrXRR1lcAxOQB244BI0wQ1ogw7AIAXP4BW8WU/Wi/VufSxGS1axUwV/YH3+ADNolHE=</latexit><latexit sha1_base64="VmZBEKfbfKDRzjKrKKnb25K35Zs=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGBF24KHTjQrCCfUBnGDJp2oYmmSHJCMNQf8WNC0Xc+iHu/Bsz7Sy09UDgcM693JMTxowq7TjfVmltfWNzq7xd2dnd2z+wD4+6KkokJh0csUj2Q6QIo4J0NNWM9GNJEA8Z6YXTVu73HolUNBIPOo2Jz9FY0BHFSBspsKseTwJS9zjSE8mz29bd7Cywa07DmQOuErcgNVCgHdhf3jDCCSdCY4aUGrhOrP0MSU0xI7OKlygSIzxFYzIwVCBOlJ/Nw8/gqVGGcBRJ84SGc/X3Roa4UikPzWQeUi17ufifN0j06MrPqIgTTQReHBolDOoI5k3AIZUEa5YagrCkJivEEyQR1qaviinBXf7yKumeN1yn4d5f1JrXRR1lcAxOQB244BI0wQ1ogw7AIAXP4BW8WU/Wi/VufSxGS1axUwV/YH3+ADNolHE=</latexit>

Fermi energy Electrode pot.



• We have developed a series of simulations methods to 
simulate the electrode/electrolyte interface.  

• We can define the reference electrode potential which is 
consistent with thermodynamics and electrochemistry.  

• Our simulation technique is applicable many 
electrochemical systems, such as secondary ion 
batteries, fuel cells, collision, electroplating, ion 
exchange membrane

Summary
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